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UNIT -1
INTRODUCTION

REVIEW OF DISCRETE TIME SIGNALS AND SYSTEMS

Anything that carries some information can be called as signals. Some examples are ECG,
EEG, ac power, seismic, speech, interest rates of a bank, unemployment rate of a country,
temperature, pressure etc.
A signal is also defined as any physical quantity that varies with one or more independent variables.
A discrete time signal is the one which is not defined at intervals between two successive samples
of'a signal. It is represented as graphical, functional, tabular representation and sequence.
Some of the elementary discrete time signals are unit step, unit impulse, unit ramp, exponential
and sinusoidal signals (as you read in signals and systems).

Classification of discrete time signals
Energy and Power signals

b =
o 3
E= Y xmP
A==
If the value of E is finite, then the signal x(n) is called energy signal.
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If the value of the P is finite, then the signal x(n) is called Power signal.

Periodic and Non periodic signals
A discrete time signal is said to be periodic if and only if it satisfies the condition X (N-+n) =x (n),
otherwise non periodic

Symmetric (even) and Anti-symmetric (odd) signals
The signal is said to be even if x(-n)=x(n)
The signal is said to be odd if x(-n)= - x(n)

Causal and non causal signal
The signal is said to be causal if its value is zero for negative values of ‘n’.

Some of the operations on discrete time signals are shifting, time reversal, time scaling, signal
multiplier, scalar multiplication and signal addition or multiplication.

Discrete time systems
A discrete time signal is a device or algorithm that operates on discrete time signals and produces
another discrete time output.

Classification of discrete time systems
Static and dynamic systems
A system is said to be static if its output at present time depend on the input at present time only.

Causal and non causal systems
A system is said to be causal if the response of the system depends on present and past values of the
input but not on the future inputs.




Linear and non linear systems

A system is said to be linear if the response of the system to the weighted sum of inputs should be
equal to the corresponding weighted sum of outputs of the systems. This principle is called
superposition principle.

Time invariant and time variant systems
A system is said to be time invariant if the characteristics of the systems do not change with time.

Stable and unstable systems
A system is said to be stable if bounded input produces bounded output only.

TIME DOMAIN ANALYSIS OF DISCRETE TIME SIGNALS AND SYSTEMS
Representation of an arbitrary sequence
Any signal x(n) can be represented as weighted sum of impulses as given below

xin) = Z (k)8 (n — k)
k=—2c

The response of the system for unit sample input is called impulse response of the system h(n)
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By time invariant property, we have

b
vy = Y x(kyrin —k)
h=—ox

The above equation is called convolution sum.
Some of the properties of convolution are commutative law, associative law and distributive law.

Correlation of two sequences

It is basically used to compare two signals. It is the measure of similarity between two signals. Some
of the applications are communication systems, radar, sonar etc.

The cross correlation of two sequences x(n) and y(n) is given by

-
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One of the important properties of cross correlation is given by

rl.'_rﬂ} = r_vr{"”

The auto correlation of the signal x(n) is given by
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Linear time invariant systems characterized by constant coefficient difference equation
The response of the first order difference equation is given by

n
yin) =a"y(=1)+ Y a*x(n—k) n>0
k=0
The first part contain initial condition y(-1) of the system, the second part contains input x(n) of the
system.
The response of the system when it is in relaxed state at n=0 or
y(-1)=0 is called zero state response of the system or forced response.
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The output of the system at zero input condition x(n)=0 is called zero input response of the system
or natural response.

The impulse response of the system is given by zero state response of the system

Za*a(n —k)
k={)

=a" n=>0

Yzs(n)

The total response of the system is equal to sum of natural response and forced responses.
FREQUENCY DOMAIN ANALYSIS OF DISCRETE TIME SIGNALS AND SYSTEMS

A s we have observed from the discussion o f Section 4.1, the Fourier series representation o
f a continuous-time periodic signal can consist of an infinite number of frequency components,
where the frequency spacing between two successive harmonically related frequencies is 1 / T p, and
where Tp is the fundamental period.

Since the frequency range for continuous-time signals extends infinity on both sides it is
possible to have signals that contain an infinite number of frequency components.

In contrast, the frequency range for discrete-time signals is unique over the interval. A
discrete-time signal of fundamental period N can consist of frequency components separated by 2n /
N radians.

Consequently, the Fourier series representation o f the discrete-time periodic signal will
contain at most N frequency components. This is the basic difference between the Fourier series
representations for continuous-time and discrete-time periodic signals.




4.2.1 The Fourier Series for Discrete-Time Periodic
Signals

Suppose that we are given a periodic sequence x(n) with period N, that is, x(n) =
x{n + N) for all n. The Fourier series representation for x(n) consists of N har-
monicalty related exponential functions
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N=)
" 7
x(n)y= Z cre? kniIN 4.2.1)
A=l

where the {c;] are the coefficients in the series representation.
To derive the expression for the Fourier coefficients, we use the following
formula:

Nz‘lpj'.’ﬂ’kn/N 5 N, k=0, N X2N, ... (422)
0. otherwise B

n=0
Note the similarity of (4.2.2) with the continuous-time counterpart in (4.1.3). The
proof of (4.2.2) follows immediately from the application of the geometric sum-
mation formula

N-1 N, g=1
a"={1-a" (4.2.3)
"};6 T ! a#l

The expression for the Fourier coefficients c; can be obtained by multiplying
both sides of (4.2.1) by the exponential ¢~/**"/* and summing the product from
n=0ton=N ~1. Thus

N-1 N—1N=]

- i2 "‘. 2 -_— !
Z,r(n)e jEiniN Z che’ Lo Ll o (4.2.9)
n=0 n={ k=0

If we perform the summation over » first, in the right-hand side of (4.2.4),
we obtain
N-—

IejErrck—lJn.’N - { N, k—1=40, +N, +2N, ...
0.

otherwise 4.2.5)

na=t
where we have made use of (4.2.2). Therefore. the right-hand side of (4.2.4)
reduces to N¢; and hence
] A N
= N g_r(n je~d=niniN t=0.F N-—1 (4.2.6)
Thus we have the desired expression for the Founer coefficients in terms of the
signal x(n).




4.2.3 The Fourier Transform of Discrete-Time Aperiodic
Signals

Just as in the case of continuous-time aperiodic energy signals, the frequency anal-
ysis of discrete-time aperiodic finite-energy signals involves a Fourier transform of
the time-domain signal. Consequently, the development in this section parallels
to a large extent, that given in Section 4.1.3.

The Fourier transform of a finite-energy discrete-time signal x (n) is defined as
20
X(w) = Z x(n)e= " (4.2.23)
n=-=o
Physicallv, X(w) represents the frequency content of the signal x(n). In other
words, X(w) is a decomposition of x(n) into its frequency components.

We observe two basic differences between the Founer transform of a discrete-
ttme finite-energy signal and the Fourier transform of a finite-energy analog signal.
First, for continuous-time signals, the Fourier transform, and hence the spectrum
of the signal, have a frequency range of (—oc, cc). In contrast. the frequency
range for a discrete-time signal is unique over the frequency interval of (—x.7)
or, equivalently, (0. 2x). This property is reflected in the Fourier transform of the

signal. Indeed. X (w) is periodic with period 2. that is,
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He=—30

Y xime ™ = X(w)
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Hence X (w} is periodic with period 2. But this property is just a consequence of
the fact that the frequency range for any discrete-time signal is himited to (—m, x)
or (0,2m). and any frequency outside this interval is equivalent to a frequency
within the interval.

The second basic difference is also a consequence of the discrete-time nature
of the signal. Since the signal is discrete in time. the Fourier transform of the
signal involves a summation of terms instead of an integral, as in the case of
continuous-time signals.

Since X{w) is a periodic function of the frequency variable w, it has a Fourier
series expansion. provided that the conditions for the existence of the Fourier
series, described previously, are satisfied. In fact. from the definition of the
Fourier transform X {w) of the sequence x(n). given by (4.2.23), we observe that
X(e) has the form of a Fourier series. The Founer coefficients in this series
expansion are the values of the sequence x(n).




To demonstrate this point. Jet us evaluate the sequence x(n) from X (w). First,
we multiply both sides (4.2.23) by ¢/*" and integrate over the intervai (—x, x).
Thus we have

T s o
f X(wie'“"dw = [ I:E x(n}e‘f‘”"il e d w (4.2.25)

el [ 1 =

The integral on the right-hand side of (4.2.25) can be evaluated if we can inter-
change the order of summation and integration. This interchange can be made if
the series
N
Xwlw)= ) x(n)e ™"

n=-—N

converges uniformly to X(w} as N — oc. Uniform convergence means that, for
every w, Xylw) — X(w), as N — oc. The convergence of the Fourner transform
is discussed in more detail in the following section. For the moment. let us as-
sume that the series converges uniformly, so that we can interchange the order of
summation and integration in (4.2.25). Then

ST, 2 m=n
Juwim—n) - 3
j:rre dcu_hlﬁ_‘ "

Consequently,

= B 2axim). mo=n
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E xin) ‘/:R e dw = [0‘ m s n (4.2.26)
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By combining (4.2.25) and (4.2.26). we obtain the desired result that
1 R
d” -1

If we compare the integral in (4.2.27) with (4.1.9), we note that this is just
the expression for the Fourier series coefficient for a function that is periodic with
period 2n. The only difference between (4.1.9) and (4.2.27) is the sign on the
exponent in the integrand, which 1s a consequence of our definition of the Fourier
transform as given by (4.2.23). Therefore. the Fourier transform of the sequence
x{(n), defined by (4.2.23), has the form of a Fourier series expansion.




The z-transform

See Oppenheim and Schafer, Second Edition pages 94—-13&stdEdition
pages 149-201.

1 Introduction

The z-transform of a sequeng§:] is

oo

X(z) = Z x[n]z7".

n=—oo

The z-transform can also be thought of as an opet&teythat transforms a
sequence to a function:

o

Zixly = > x[n)z" = X(2).

n=—oo
In both cases is a continuous complex variable.

We may obtain the Fourier transform from the z-transform lakimg the
substitutionz = ¢/¢. This corresponds to restricting| = 1. Also, with
z =rel?,

o

o0
X(re’®) = Z x[n](re/®)™" = Z (x[n]r™™) e~ 7",
n=-—o0 n=-—o0
That is, the z-transform is the Fourier transform of the segex[n]r~". For
r = 1 this becomes the Fourier transformudf:]. The Fourier transform
therefore corresponds to the z-transform evaluated onrtieitcle:



z—plane

Unit circle

The inherent periodicity in frequency of the Fourier tramsf is captured
naturally under this interpretation.

The Fourier transform does not converge for all sequencese-nfinite sum
may not always be finite. Similarly, the z-transform doesacutverge for all
sequences or for all values of The set of values af for which the
z-transform converges is called thegion of convergence (ROC)

o .¢]

The Fourier transform of [1] exists if the sund_ .~ __ |x[n]| converges.
However, the z-transform ofn] is just the Fourier transform of the sequence
x[n]r™". The z-transform therefore exists (or converges) if

o .¢]

X(z) = Z |x[n]r™"| < oc.

n=—oo

This leads to the condition

oo

S iz < oo

n=—oo

for the existence of the z-transform. The ROC thereforeistgef a ring in
the z-plane:



z—plane Im

dh
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Region of
convergenc

In specific cases the inner radius of this ring may includeotiigin, and the
outer radius may extend to infinity. If the ROC includes thé& amcle |z| = 1,
then the Fourier transform will converge.

Most useful z-transforms can be expressed in the form

P(z)

Q(z)’

whereP(z) andQ(z) are polynomials irx. The values ot for which
P(z) = 0 are called theerosof X(z), and the values witl) (z) = 0 are

called thepoles The zeros and poles completely specifyz) to within a
multiplicative constant.

X(z) =

Example: right-sided exponential sequence
Consider the signat[n] = a"u[n]. This has the z-transform

o

X(z) = Z a"uln]z7" = Z(az_l)”.
n=0

n=—0oo

Convergence requires that

o0
Z laz7 1" < o0,
n=0

which is only the case ifuz~!| < 1, or equivalentlyiz| > |a|. In the ROC, the



series converges to

o0
_ 1 z
X(z) = E (az”')" = = : 1z > |al,
n=0

1 —az1 Z—a

since it is just a geometric series. The z-transform hasiamex convergence
for any finite value ot:.

z—plane Im

unit circle

The Fourier transform at[n] only exists if the ROC includes the unit circle,
which requires thalz| < 1. On the other hand, itz| > 1 then the ROC does
not include the unit circle, and the Fourier transform dossaxist. This is
consistent with the fact that for these values dhe sequence”u(n] is
exponentially growing, and the sum therefore does not ageve

Example: left-sided exponential sequence

Now consider the sequeneg:] = —a"u[—n — 1]. This sequence is left-sided
because it is nonzero only far< —1. The z-transform is

o0 —1

X(z) = Z —a"u[-n—-1]z7" = — Z a"z™"

n=—oo n=—oo
o0

= — Za_nzn =1- i((l_lz)n.
n=1 n=0



For|a~!z| < 1, or|z| < |a|, the series converges to

X(@)=1-— : : 2] < lal
z)y=1-— = = , z al.
1—a1z 1 —az! Z—a

z—plane Im

Note that the expression for the z-transform (and the pole @et) is exactly
the same as for the right-handed exponential sequenosly-the region of
convergence is different. Specifying the ROC is therefore critical when dealing
with the z-transform.

Example: sum of two exponentials
The signalx[n] = ()" u[n] + (—%)" u[n] is the sum of two real exponentials.
The z-transform is

v 3552 (-1 ]

n=—oo
oo
1

- (E)nu[n]z_”—k i (—%)nu[n]z_”

n=—oo n=—oo
> (1 TSN ] 7

_ -1 -1

_Z(zz ) +Z(_§Z ) _

n=0 n=0

From the example for the right-handed exponential sequéinedirst term in

this sum converges fgr| > 1/2, and the second fQe| > 1/3. The combined
transformX(z) therefore converges in the intersection of these regicarmgty



when|z| > 1/2. In this case

e 11
l—3z7tb 14 3z71 (Z——)(Z—|—3)

X(z) = 1l 1 22(2——

The pole-zero plot and region of convergence of the signal is

z—plane Im
unit circle
Re
Example: finite length sequence
The signal
a’ 0<n<N-1
x[n] = _
0 otherwise

has z-transform

N— N-1
X(z) = Z = Z(az—1>"
1 -

(az™ I)N 1 N —aV

1l —az ! — N1 z—a

Since there are only a finite number of nonzero terms the swayal
converges whenz~! is finite. There are no restrictions an(|a| < oo), and

the ROC is the entire z-plane with the exception of the origia 0 (where the
terms in the sum are infinite). Thé roots of the numerator polynomial are at

zx = ae!®7KIN) -k =0,1,...,N —1,



since these values satisfy the equatidn= «” . The zero ak = 0 cancels
the pole at = a, so there are no poles except at the origin, and the zeros$ are a

Zk=aej(2”k/N), k=1,...,N —1.

2 Properties of the region of convergence

The properties of the ROC depend on the nature of the sigrsauing that
the signal has a finite amplitude and that the z-transfornragianal function:

e The ROC is aring or disk in the z-plane, centered on the origin
0<rg<|z| <rp < o).

e The Fourier transform of[r] converges absolutely if and only if the ROC
of the z-transform includes the unit circle.

e The ROC cannot contain any poles.

e If x[n] is finite duration (ie. zero except on finite interval
—o0 < N1 <n < N, < 0), then the ROC is the entire z-plane except
perhaps at = 0 orz = oc.

e If x[n]is aright-sided sequence then the ROC extends outward frem t
outermost finite pole to infinity.

e If x[n] is left-sided then the ROC extends inward from the innermost
nonzero pole ta = 0.

e A two-sided sequence (neither left nor right-sided) has &R0Onsisting
of aring in the z-plane, bounded on the interior and extdrjoa pole (and
not containing any poles).

e The ROC is a connected region.



3 The inverse z-transform

Formally, the inverse z-transform can be performed by etalg a Cauchy
integral. However, for discrete LTI systems simpler methack often
sufficient.

3.1 Inspection method

If one is familiar with (or has a table of) common z-transfguaars, the inverse
can be found by inspection. For example, one can invert tin@rsform

1 1
X@O)=|—7=1]" z| > <.
1—52_1 2

using the z-transform pair

zZ

a"uln] , for |z| > |a].

1 —az!

By inspection we recognise that

x[n] = (%)nu[n].

Also, if X(z) is a sum of terms then one may be able to do a term-by-term
Inversion by inspection, yielding[n] as a sum of terms.

3.2 Partial fraction expansion

For any rational function we can obtain a partial fractiopaxsion, and
identify the z-transform of each term. Assume tdt) is expressed as a ratio
of polynomials inz~!:

M _
> k=0 bz k

X(z) = -

k=0 9kZ"



It is always possible to factoY(z) as
b_o ]_[,iw:l(l —crz Y
ao ]_[,12;1(1 — dkz_l),

where ther,'s anddy’s are the nonzero zeros and polesxat).

X(z) =

e If M < N and the poles are all first order, th&iiz) can be expressed as
N

X(z) = Z A

A
Pt 1 —dz
In this case the coefficient$;, are given by

Ak = (1 =dez7)X(2)|

Z=dk.

e If M > N and the poles are all first order, then an expansion of the form

M—-N N m
X@ =) Bz ) 1
r=0 k=1 k

can be used, and th#&.’s be obtained by long division of the numerator by
the denominator. Thdy’s can be obtained using the same equation as for
M < N.

e The most general form for the partial fraction expansionicitan also
deal with multiple-order poles, is

M—N N Ak s C
— —r . m
X(z) = Z Bz + Z 1 —dpz! + Z (1—d~z‘1)m'

r=0 k=1,k#i m=1 !

Ways of finding theC,,,’s can be found in most standard DSP texts.
The termsB,z~" correspond to shifted and scaled impulse sequences, and
invert to terms of the fornB,.5[n — r]. The fractional terms

Ak
1— de_l



correspond to exponential sequences. For these terms tGepRPerties must
be used to decide whether the sequences are left-sidechoisiagd.

Example: inverse by partial fractions
Consider the sequenagn| with z-transform

1422704272 (1+2z71H2

XZ = e ,
@) 1 — %2_1 + %2_2 (1— %2_1)(1 —z7 1

|z| > 1.

SinceM = N = 2 this can be expressed as

X(z) = By + A A
zZ) = .
O %2—1 1 —z~1

The valueB, can be found by long division:

2
%2_2 — %2_1 + 1) 272427141
z72-3z7142
52711
SO .
X(z) = 2 + —1+ 5z~

(1—2z7H)(1—z71)
The coefficientsd; and A, can be found using

A = (1—diz )X ()|

z=dy "’
SO 1 ,
142z~ - 14+4+4
A = T _+12 _ratd
1—z T 1-2
and
1 +2z71 4272 1+2+1
A2= 11 = 1 2 =8
1—52 s—1—1 /
Therefore
X(z)=2 i + 8
z) =2— .
1—2z71  1—z71

10



Using the fact that the ROC |s| > 1, the terms can be inverted one at a time
by inspection to give

x[n] = 28[n] — 9(1/2)" u[n] + 8uln].

3.3 Power series expansion

If the z-transform is given as a power series in the form

o .e]

X(z) = Z x[n]z™"

n=—oo

= ...+ x[-2)22 + x[-1]z} + x[0] + x[1]z7 L+ x[2)z72 + ...,
then any value in the sequence can be found by identifyingdk#icient of
the appropriate power af !,
Example: finite-length sequence
The z-transform

X(z) =221 — %Z‘l)(l +z7hHa-z1

can be multiplied out to give

1 1
Xz)=z2—~—z—-1+—z71
(z) =z 22 22

By inspection, the corresponding sequence is therefore

x[n] = { -1 n=0

11



or equivalently
1 1
x[n] = 18[n + 2] — 58[11 + 1] — 18[n] + ES[n —1].

Example: power series expansion
Consider the z-transform
X(z) =log(l +az™ 1), |z| > |al.

Using the power series expansion for(bg- x), with |x| < 1, gives

o0
(_1)n+1anz—n
X(z)=)_ .
n=1 n
The corresponding sequence is therefore
(_l)n—i-lﬂ n>1

x[n] = " -

n<o.

Example: power series expansion by long division
Consider the transform

X(z) = .zl > al.

1 —az™1
Since the ROC is the exterior of a circle, the sequence is-sgled. We
therefore divide to get a power series in powersof:

l4az ' +a?z72+--.
1-— az_l) 1
l—az™!

az !

az V' —q?z72

a22_2_|_ [P

or
1

oo e 4 T 4

12



Thereforex(n] = a"u[n].
Example: power series expansion for left-sided sequence
Consider instead the z-transform

1
l —az
Because of the ROC, the sequence is now a left-sided one.Wédg/ide to
obtain a series in powers of

X(z) = 1z| < |a].

-1’

—alz—a=?z%—...

—a + Z) z
z—a 172

az !

Thusx[n] = —a"u[-n — 1].

4 Properties of the z-transform

In this section, ifX(z) denotes the z-transform of a sequengg and the
ROC of X(z) is indicated byR,, then this relationship is indicated as

x[n]<<>X(z), ROC= R,.
Furthermore, with regard to nomenclature, we have two sexgsesuch that
xi[n]<ZsX1(z),  ROC= Ry,

Xa[n]<=sX»(z),  ROC= R,,.

4.1 Linearity

The linearity property is as follows:

axi[n] + bxa[n]<=>aXi(z) + bX2(z), ~ ROC contain®y, N Ry, .

13



4.2 Time shifting

The time-shifting property is as follows:
x[n —no]iﬂ_”oX(z), ROC = R,.

(The ROC may change by the possible addition or deletian-6f0 or
z = 00.) This is easily shown:

Y(z) = Z X[n—l’lo]Z_n = Z x[m]z_(m+”0)
=z Y Xl = 20X (),

Example: shifted exponential sequence
Consider the z-transform

1 1
: |z| > -.
4

X(z) =

From the ROC, this is a right-sided sequence. Rewriting,

-1 1 1
X@) = ——— =z —— ], 7>
l—zZ_l 1—12_1 4

The term in brackets corresponds to an exponential sequé u(n]. The

factorz~! shifts this sequence one sample to the right. The inversansform
Is therefore

x[n] = (1/4)" tuln —1].

Note that this result could also have been easily obtained@spartial
fraction expansion.

14



4.3 Multiplication by an exponential sequence

The exponential multiplication property is
ng[n]éX(z/zo), ROC = |z¢| Ry,

where the notatiofzy| R, indicates that the ROC is scaled hy| (that is,
inner and outer radii of the ROC scale |ay|). All pole-zero locations are
similarly scaled by a factar,: if X(z) had a pole at = z;, thenX(z/z¢) will
have a pole at = zyz;.

e If z( IS positive and real, this operation can be interpreted &siaking or
expanding of the z-plane — poles and zeros change alond liaeisin
the z-plane.

o If zo is complex with unit magnitudez§ = e/#0) then the scaling
operation corresponds to a rotation in the z-plane by antbang That is,
the poles and zeros rotate along circles centered on thie ofilgis can be
interpreted as a shift in the frequency domain, associatédnaodulation
in the time domain by /@0 If the Fourier transform exists, this becomes

e/ @0 [n]<i>X(ej(“’_‘°0)).

Example: exponential multiplication
The z-transform pair

1
1 —z7V
can be used to determine the z-transformf@ff = r” coqwon)u[n]. Since
coSwon) = 1/2e/?0" 4 1/2¢=7@0" the signal can be rewritten as

un] |z| > 1

x[n] = %(rej“’o)”u[n] + %(re_j“’o)”u[n].

15



From the exponential multiplication property,
1/2

%(rej“’o)”u[n] z

1 —rej@oz=1" 2l > 7
1 _, z 1/2
E(re J@oyny 4] P y— |z| > r,
SO
1/2 1/2
X@) = 1 —re/@oz—1 i 1 —re—Jjwoz—1’ Izl >r
1 —r coswpz ! 2>
= R Z r.
1 —2r coswgz™1 + r2z72
4.4 Differentiation
The differentiation property states that
Z dX
nx[n] —z d(z), ROC = R,.
z

This can be seen as follows: since

oo

X(z) = Z x[n]z™",

n=—oo

we have

o

_ dX(Z) Z (~m)x[nlz = 3 nxfnlz ™ = Zinxn]).

n=—oo n=—0oo

Example: second order pole
The z-transform of the sequence

x[n] = na"uln]

can be found using

Z 1

1 —az7 1V’ 2l > a.

a"uln]

16



to be

1 —1
X'(Z):—Zi (—I)ZL |Z|>a.

dz \1—az~ (1 —az—1)?’

4.5 Conjugation

This property is
X*[n]<<>X*(z*),  ROC= R,.

4.6 Time reversal

Here

1
X*[-n]<>X*(1/z*),  ROC= -

X

The notationl / R,, means that the ROC is inverted, sdkif is the set of values
such thatg < |z| < rr, then the ROC is the set of valueszo$uch that
1/rp <|z| <1/rg.

Example: time-reversed exponential sequence
The signalx[n] = a "u[—n] is a time-reversed version of u[n]. The
z-transform is therefore

—a~ 1771

1
X(z) = = : < la”l.
@ l—az 1—a71z71 2l <l

4.7 Convolution

This property states that

x1[n] * x2[n]<=>X1(2)X2(z),  ROC contain®y, N Ry, .

17



Example: evaluating a convolution using the z-transform
The z-transforms of the signats [n] = a¢"u[n] andx,[n] = u[n] are

oo
_ 1
X1(2)=Zanz nzl——az_l, |Z|>|Cl|
n=0
and
> 1
X5(z) = ZZ_” =TT 1z| > 1.
n=0

For|a| < 1, the z-transform of the convolutionn] = xq[n] * x3[n] IS

1 z2

Y(z) = (1—az"1H)(1—-2z1) - (z—a)(z—1)

|z| > 1.

Using a partial fraction expansion,

1 1 a
o= (o= )

l—a \1—2z— 1l —az™

SO
1

l1—a

ylnl = (uln] —a""uln]).

4.8 Initial value theorem

If x[n] is zero forn < 0, then

x[0] = ZILmOO X(2).

18



Some common z-transform pairs are:

Sequence Transform ROC
8[n] 1 All z
un] 1_;_] |z| > 1
—u[—n —1] — Iz| < 1
6[n — m] z7m All z exceptO or co
a"uln] —— 2| > |a
—a"u[—n — 1] # |z| < |a]
na™u(n] % |z] > |a]
—na"u[—n — 1] % |z| < |a|
a” 0<n<N -1, NN
0 otherwise T #=0
coSwon )u[n] 1_210:);%‘;2)_2112_2 Iz| > 1
r" cogwon)uln] 1—r codwp)z " lz| > r

1-2r codwo)z 1 +r2z—2

4.9 Relationship with the Laplace transform

Continuous-time systems and signals are usually descifpéae Laplace
transform. Letting: = ¢*7, wheres is the complex Laplace variable

we have

zZ =e€

Therefore

s=d+ jo,

(d+jo)T _ ,dT ,joT

Izl = T and <z = T =27f/f; = 27w/ ws,

19



wherewy is the sampling frequency. As varies fromoo to oo, the s-plane is
mapped to the z-plane:

e The jw axis in the s-plane is mapped to the unit circle in the z-plane
e The left-hand s-plane is mapped to the inside of the unitecirc

e The right-hand s-plane maps to the outside of the unit circle

20



FREQUENCY DOMAIN SAMPLING: THE DISCRETE FOURIER
TRANSFORM

Before we introduce the DFT. we consider the sampling of the Fourier transform of
an aperiodic discrete-time sequence. Thus, we establish the relationship between
the sampled Fourier transform and the DFT.

5.1.1 Frequency-Domain Sampling and Reconstruction of
Discrete-Time Signals

We recall that aperiodic finite-cnergy signals have continuous spectra. Let us
consider such an aperiodic discrete-time signal x(n) with Founer transform

X(w)= Y x(me /™" (5.1.1)
Suppose that we sample X (w) periodically in frequency at a spacing of dw radians
between successive samples. Since X(w) is periodic with period 2. only samples
in the fundamental frequency range are necessary. For convenience. we take N
equidistant samples in the interval 0 < @ < 27 with spacing dw = 27 /N, as shown
in Fig. 5.1. First, we consider the selection of N. the number of samples in the

frequency domain.
If we evaluate (5.1.1) al w = 27k/N, we obtain

X = i x(mye= kN b 2001 N-1 (5.1.2)
= 2. S % [
N==—2x
The summation in (5.1.2) can be subdivided 1into an infimte number of summations,
where each sum contains N terms. Thus
N-1

2n . T . .
— P - fZmkn /N —j2TkniN
X(Nk) -4'”;“'1("]6 +;=U;mj.f

-t
— i !
+ Y gy g L
N

i

o INAN-T

Z Z ,‘,{”)F'jzﬂ.ﬁ'ufl\;

l=-m m=iN

If we change the index in the inner summation from » to » — fN and interchange
the order of the summation. we obtain the result




o

23 et P
X (-E-;L) = Z [ Z xin — zm} g TN (5.1.3)
2 A=l [ ==
fo.f:”—“G. 1. 2-....;"‘4‘"‘ l-
The signal

xp(n) = x(n —IN) (5.1.4)

l=—ac
obtained by the periodic repetition of x(n) every N samples. is clearly periodic
with fundamental period N. Consequently, 1t can be expanded in a Fourier

X{w)

] ]
~n i) L dewr n éw 2w

Figure 5.1 Freguency-domain sampling of the Fourier transform.

series as
MN—1 _
xpmy =Y et N =01 N -1 (5.1.5)
k=0

with Fourier coefficients

1 :—E Xplppe omEm k=0,1.....N=1 5.1
L I, e ;l'[ ) | 6:'

Upon comparing (5.1.3) with (5.1.6), we conclude that

1 27 , u
Cp = EX (?k) k=0.1..... N-—-1 (5.1.1

Therelore,

1 (2 T
xpin) = 7 E X (%ﬂ.) gt il 1 W) A N =1 (5.1.8)




5.1.2 The Discrete Fourier Transform (DFT)

The development in the preceding section is concerned with the frequency-domain
sampling of an aperiodic finite-energy sequence x(n). In general, the equally
spaced frequency samples X (27k/N), k = 0,1, ..., N=1, do not uniquely represent
the original sequence x(n) when x(»n) has infinite duration. Instead, the frequency
samples X(2nk/N), k=0, 1...., N -1, correspond to a periodic sequence x,(n)
of period N, where x,(r) is an aliased version of x(n), as indicated by the relation
in (5.1.4), that is,

xpm)= Y x(n-IN) (5.1.15)

When the sequence x(n) has a finite duration of length L < N, then x,(n)
is simply a periodic repetition of x(n), where x,(n) over a single period is

given as
. ), O=sn=L-1 16)
= g, L<n<N-1 et
Consequently. the frequency samples X (27k/N). k = 0. 1..... N — 1. uniquely

represent the finite-duration sequence x{n). Since x(n) = x.(n) over a single pé-
riod (padded by N — L zeros). the original finite-duration sequence x{n) can be
obtained from the frequency samples {X (2r&/N | by means of the formula (5.1.8)-

It is important to note that zere padding does not provide any additional
information about the spectrum X(w) of the sequence {x(n)}. The L equidis-

tant samples of X(w) are sufficient to reconstruct X{w) using the reconstruction
formula (3.1.13). However, padding the sequence (x(n)] with N — L zeros and
computing an N-point DFT results in a “better display™ of the Fourier transform
X(w).

In summary, a finite-duration sequence x{n) of length L [i.e.. x(n) = 0 for
n <0 and n = L] has a Fourier transform

L=1
X(w) = Z;:'{rr]e_“”” 0<w=<2x (5.1.17)

n=>{

where the upper and lower indices in the summation reflect the fact that x(n) =0
outside the range 0 < n < L — 1. When we sample X(w) at equally spaced

frequencies w; = 2mk/N. k = 0,1, 2..... N — 1. where N > L, the resultant
samples are
2k £l -1
Xik)= X (_;:-) = me}e",!-m'*lm
M- "= (5.1.18)
X(k) = Z.ﬂn yemiEAhaeN k=0.1.2.....N=1
mrs={l

where for convenience. the upper index in the sum has been increased from L -1
to N - 1since x(n)y=01forn = L.




The relation in (5.1.18) is a formula for transforming a sequence {x(n)] of
length L = N into a sequence of frequency samples (X (k}) of length N. Since
the frequency samples are obtained by evaluating the Fourier transform X (w)
at a set of N (equally spaced) discrete frequencies, the relation in (5.1.18) is
called the discrete Fourier transform (DFT) of x(n). In turn, the relation given
by (5.1.10), which allows us to recover the sequence x(n) from the frequency
samples

1 M1
_ o 2akn N _ —
x(n) = }E;Xﬂw iy n=0.1.....N~1 (5.1.19)
is called the inverse DFT (IDFT). Clearly, when x(n) has length L < N, the N-
point IDFT vields x(n) = 0 for L < n < ¥ — 1. To summarize, the formulas for
the DFT and IDFT are

DFT
N-1
Xk) = Z;(n}e—ﬂ”‘"f” E=0,1,2.....N~1 (5.1.18)
a=0
IDFT
1 N=1 ;
x(n) = Z X (kyelmtniN - 5 —0,1,2, ... N =1 (5.1.19)
k=(

5.1.3 The DFT as a Linear Transformation

The formulas for the DFT and IDFT given by (5.1.18) and (5.1.19) may be ex-
pressed as

N—I
X(k) = Zx(n}w::* k=0.1,.... N -1 (5.1.20)
n=tl
1 N=1
= — 3% X(hw =01..... N—1 5.1.21
x(n) Ng (W, n (5.1.21)

where, by definition,

Wy = e io/¥ (5.1.22)

which is an Nth root of unity.
With these definitions, the N-point DFT may be expressed in matrix form as
X,v = WNKN (5124)

where Wy is the matrix of the linear transformation. We observe that Wy is a
symmetric matrix. If we assume that the inverse of Wy exists, then (5.1.24) can
be inverted by premultiplying both sides by W3'. Thus we obtain

xy = W5 Xy (5.1.25)




Reilationship to the Fourier series coefficients of a periodic sequence.
A periodic sequence (x,(n)} with fundamental period N can be represented in a
Fourier series of the form
N1

xp(n) = quﬁ”"w ~00 <hn <00 (5.1.29)
ki)
where the Fourier series coefficients are given by the expression
1 V=l .
ao=—= 3 xplme N k=01, N-~1 (5.1.30)
N n={l

If we compare (5.1.29) and (5.1.30) with (5.1.18) and (5.1.19), we observe that the
formula for the Fourier series coefficients has the form of a DFT. In fact, if we
define a sequence x(n) = x,(n), 0 = n < N — 1, the DFT of this sequence is simply

X(k) = Ng (5.1.31)

Furthermore, (5.1.29) has the form of an IDFT. Thus the N-point DFT provides
the exact line spectrum of a periodic sequence with fundamental period N,

Relationship to the Fourler transform of an aperiodic sequence. We
have already shown that if x(n) is an aperiodic finite energy sequence with Fourier
transform X (w), which is sampled at N equally spaced frequencies wy = 2nk/N,
k=01,..., N — 1, the spectral components

oG
X (k) = X (@lumomy = 3 x(meT ™V p=01,.. N-1 (5132
m=—=0c
are the DFT coefficients of the periodic sequence of period N, given by

o0

xp(n) = Y x(n—IN) (5.1.33%)

{=—00

Thus x,(n) is determined by aliasing {x(n)} over the interval 0 <n < N — 1. The
finite-duration sequence

ar s _ ) xp(m), O<n<N-1
MRy = [D. otherwise Gid:34)




bears no resemblance to the original sequence {x(n)}, unless x(n) is of finite dura-
tion and length L < N, in which case

x{n) = x(n) O0=n<N-1 (5.1.35)
Only in this case will the IDFT of {X (k)] yield the original sequence {x(n)}.

Relationship to the z-transform. Let us consider a sequence x(n) having

the z-transform
(= )

X(z)= E x(n)z™" (5.1.36)
n=—0Cc

with a ROC that includes the unit circle. If X(z) is sampled at the N equally

spaced points on the unit circle z; = ¢/*™/" 0, 1,2,..., N — 1, we obtain

XK = X(@ooitmmw  k=0.1,...,N—=1
= o]
_ E c ()TN (5.1.37)
=00

The expression in (5.1.37) is identical to the Fourier transform X (w) evaluated at
the ¥ equally spaced frequencies w; = 2ak/N, k=0, 1,.... N ~ 1, which is the
lopic treated in Section 5.1.1.

If the sequence x(n) has a finite duration of length N or less, the sequence can
be recovered from its N-point DFT. Hence its z-transform is uniquely determined
by its N-point DFT. Consequently. X(z) can be expressed as a function of the
DFT [X(k)) as follows

N1
X(z) = Zx(n}z"’
ne=dl

N-1 1 N-1 )
X@ =3} [F Emu-’h*w”} "

sl LR (5.1.38)

N-1 N=1]
X@t) = + DX (k)Y (BN
N el) n=()
1 g Mol X (k)

T
N 21— pj2nkiNg

X(2) =

When evaluated on the uvnit circle, (5.1.38) yields the Fourier transform of the
finite-duration sequence in terms of its DFT, in the form

) T - X (k)

— o~ Jjlw—2k/N)
N k:ﬂl e

X(w) = (5.1.39)




Relationship to the Fourier series coefficients of a continuous-time
signal. Suppose that x,(r) is a continuous-time periodic signal with fundamental
period T, = 1/F,. The signal can be expressed in a Fourier series

oC
xal1) = Z el 2Tk Fa (5.1.40)

k=—aC

where {c;} are the Fourier coefficients. If we sample x,(r) at a uniform rate
F, = N/T, =1/T, we obtain the discrete-time sequence

o0 oC
x(m) = x,(nT) = Z cpe! TRFonT — Z o i i
3 Lok k=—=nC
l (5.1.41)
N—| o .
= Z l: Z "t-m] el
k=l | fe==a
It is clear that (5.1.41) is in the form of an IDFT formula. where
X(k)y=N Z C-n = NG (5.1.42)
I=-
and
G = Z Ci—IN (5.1.43)
(=—2
Thus the {¢;} sequence is an aliased version of the sequence (¢ }.
PROPERTIES OFDFT: . . -,
Property Time Domain  Frequency Domain
Notation x(n), v(n) Xk}, Y (k)
Periodicity xin)=x(n+ N) X(k)=Xk+N)
Linearity ayxi(n) +ayx(n) @ X (k) +a:X,(k)
Time reversal (N —n) X(N -k
Circular time shift x((n = D)y X (kyedextin
Circular frequency shift x(n)eirini¥ X ((k = D}n
Complex conjugate x*(n) X' (N =k)
Circular convolution xi(m) ) xa(m) X1 (k) X2 (k)
Circular correlation x(n) ) y*(~n) X (k)Y* (k)
i 1
Multiplication of two sequences xi{m)xa(n) }_i"x‘{k) @ X2 (k)
=1 N=1
1
Parseval’s theorem (m)y*(n —_ XY (k)

LINEAR FILTERING METHODS BASED ON THE DFT

Since the D F T provides a discrete frequency representation o fa finite-duration Sequence in
the frequency domain, it is interesting to exp lore its use as a computational tool for linear system
analysis and, especially, for linear filtering. We have already established that a system with
frequency response H { w ) y w hen excited with an input signal that has a spectrum possesses an
output spectrum.

The output sequence y(n) is determined from its spectrum via the inverse Fourier transform.
Computationally, the problem with this frequency domain approach is that are functions o f the




continuous variable. As a consequence, the computations cannot be done on a digital computer, since
the computer can only store and perform computations on quantities at discrete frequencies.
On the other hand, the DFT does lend itself to computation on a digital computer. In the discussion
that follows, we describe how the DFT can be used to perform linear filtering in the frequency
domain. In particular, we present a computational procedure that serves as an alternative to time-
domain convolution.

In fact, the frequency-domain approach based on the DFT, is computationally m ore efficient
than time-domain convolution due to the existence of efficient algorithms for computing the DFT .
These algorithms, which are described in Chapter 6, are collectively called fast Fourier transform
(FFT) algorithms.

5.3.1 Use of the DFT in Linear Filtering

In the preceding section it was demonstrated that the product of two DFTs is
equivalent to the circular convolution of the corresponding time-domain sequences.
Unfortunately, circular convolution is of no use to us if our objective is to deter-
mine the output of a linear filter to a given input sequence. In this case we seek
a frequency-domain methodology equivalent to linear convolution.

Suppose that we have a finite-duration sequence x(n) of length L which
excites an FIR filter of length M. Without loss of generality, let

x(n)=0, n<Q0andn>1L
h(n) =0, n<Qandn>M

where h(n) is the impulse response of the FIR filter.
The output sequence y(n) of the FIR filter can be expressed in the time
domain as the convolution of x(n) and h(n), that is
M=1
y(m) =Y hk)x(n — k) (53.1)
k=0
Since h(n) and x(n) are finite-duration sequences, their convolution is also finite
in duration. In fact, the duration of y(n) is L + M — 1.
The frequency-domain equivalent to (5.3.1) is

Y(w) = X(w)H (w) 330




If the sequence y(n) is to be represented uniquely in the frequency domain by
samples of its spectrum Y (w) at a set of discrete frequencies, the number of distinct
samples must equal or exceed L + M — 1. Therefore, a DFT of size N > L+ M -1,
is required to represent (y(n)} in the frequency domain.

Now if

Y(k) = Y(0)|w=2ek/N k=01...N-1
= X(w)H (@)|wm2ri/N k=01...,.N-1
then
Y(k) = X(k)H (k) k=01...,.N=1 (5.3.3)

where {X(k)} and {H(k)} are the N-point DFTs of the corresponding sequences
x(n) and h(n), respectively. Since the sequences x(n) and h(n) have a duration
less than N, we simply pad these sequences with zeros to increase their length to
N. This increase in the size of the sequences does not alter their spectra X (w) and
H (w), which are continuous spectra, since the sequences are aperiodic. However,
by sampling their spectra at N equally spaced points in frequency (computing the
N-point DFTs), we have increased the number of samples that represent these
sequences in the frequency domain beyond the minimum number (L or M, re-

spectively).

Since the N = L + M — 1-point DFT of the output sequence y(n) is sufficient
to represent y(n) in the frequency domain. it follows that the multiplication of the
N-point DFTs X (k) and H (k), according to (5.3.3), followed by the computation
of the N-point IDFT, must yield the sequence {y(n)}. In turn, this implies that
the N-point circular convolution of x(n) with h(n) must be equivalent to the linear
convolution of x(n) with h(n). In other words, by increasing the length of the
sequences x(n) and h(n) to N points (by appending zeros), and then circularly
convolving the resulting sequences, we obtain the same result as would have been
obtained with linear convolution. Thus with zero padding, the DFT can be used
to perform linear filtering.




Unit -2
FAST FOURIER TRANSFORM
EFFICIENT COMPUTATION OF DFT:

In this section we represent several methods for computing dft efficiently. In view of the
importance of the DFT in various digital signal processing applications such as linear filtering,
correlation analysis and spectrum analysis, its efficient computation is a topic that has received
considerably attention by many mathematicians, engineers and scientists. Basically the computation
is done using the formula method.

N-1
X(ky=) xmWg 0<k=<N-1
n=0

where
WN = e—jz"/N
In general, the data sequence x(n) is also assumed to be complex valued.
Similarly, the IDFT becomes
] Nl
S s —-nk o
x(n)—N§X(k)W~ 0<n<N-1

We observe that for each value of k, direct computation of X (k) involves
N complex multiplications (4N real multiplications) and N — 1 complex additions
(4N —2 real additions). Consequently, to compute all N values of the DFT requires
N? complex multiplications and N? — N complex additions.

6.1.1 Direct Computation of the DFT

For a complex-valued sequence x(n) of N points, the DFT may be expressed as

il 2mwkn . 2mkn
Xplk) = g [xx(n) cos N + x;(n) sin N ] (6.1.6)
N1
Xik) = — ; [xk{n)sin il — xy({n)cos Zx;n] (6.1.7)

The direct computation of (6.1.6) and (6.1.7) requires:

L 2N? evaluations of trigonometric functions.
2. 4N? real multiplications.

3. 4N(N — 1) real additions.
4. A number of indexing and addressing operations.

These operations are typical of DFT computational algorithms. The operations
in items 2 and 3 result in the DFT values Xg(k) and X,(k). The indexing and
addressing operations are necessary to fetch the data x(n), 0 <n < N —1, and
the phase factors and to store the results. The variety of DFT algorithms optimize
each of these computational processes in a different way.

Divide-and-Conquer Approach to Computation of the DFT

The development of computationally efficient algorithms for the DFT is made possible if we
adopt a divide-and-conquer approach. This approach is based on the decomposition of an N-point
DFT into successively smaller DFT. This basic approach leads to a family o f computationally
efficient algorithm s know n collectively as FFT algorithms.




T o illustrate the basic notions, let us consider the computation of an N point DFT , where N can be
factored as a product of two integers, that is, N=L M

Algorithm 1

1. Store the signal column-wise.

2. Compute the M-point DFT of each row.

3. Multiply the resulting array by the phase factors W:f.
4. Compute the L-point DFT of each column

5. Read the resulting array row-wise.

Algorithm 2

1. Store the signal row-wise.

2. Compute the L-point DFT at each column.

3. Multiply the resulting array by the factors W5".
4. Compute the M-point DFT of each row.

5. Read the resulting array column-wise.

6.1.3 Radix-2 FFT Algorithms

Let us consider the computation of the N = 2" point DFT by the divide-
and-conquer approach specified by (6.1.16) through (6.1.18). We select M = N/2
and L = 2. This selection results in a split of the N-point data sequence into two
N /2-point data sequences fi(n) and f2(n), corresponding to the even-numbered
and odd-numbered samples of x(n), respectively, that is,

fitn) = x(2n)
N (6.1.23)

faln) = x(2n 4+ 1), n=0.l.....—2--1

Thus fi(n) and f;(n) are obtained by decimating x(n) by a factor of 2, and hence
the resulting FFT algorithm is called a decimation-in-time algorithm.

Now the N-point DFT can be expressed in terms of the DFTs of the deci-
mated sequences as follows:

N-1
Xh) =) x(mWy  k=01,...,N~1
n=()




Z X(m)WE 4 Z x(n)W! (6.1.24)

n even n oddd
(N2 -1 N1
= AEmWI+ Y x@m+ HwyE
m=( m=0

But W = Wyp. With this substitution, (6.1.24) can be expressed as

(N/2i-1 (N/2)~1
X(k) = Y AmWEE+Wh 3 fmWi,
2 = (6.1.25)

Rk +WERK) k=01, N—1

ll

where Fy(k) and F>(k) are the N/2-point DFTs of the sequences fi(m) and fa(m).
resPectivaly.

Since Fi(k) and F>(k) are periodic, with period N /2, we have F(k+ N/2) =
Fi(k) and Fp(k + N/2) = Fy(k). In addition, the factor W;”“r""" = —W}. Hence
(6.1.25) can be expressed as

Xy = Fith)+ Wy Fa(k)  k=0.1,..., % -1 (6.1.26)
X(k+-1-:r) = Rk~ WhFR(k)y  k=0.1,.... % -1 (6.1.27)
To be consistent with our previous notation, we may define
Gik) = Fi(k) k={].1....,%—1
Gytk) = WER(k) k=01,..., -’;f -1

Then the DFT X (k) may be expressed as

X(k) = Gitk)+ Gak) k=0,1,.., %—1
(6.1.28)

X(k-ir-%}:G.(k)—Gz(k) k=01,..., %—1




N{4-point sequences

N
vii{n) = fi{2n) =015 I—l
i (6.1.29)
via(n) = fi2n+1) n=0,1...., I_l
and f>(n) would yield
N
1’21(":'=f2(2") n=[|Il1|*o-|?_]-
i (6.1.30)
ve(n) = f2(2n+1) n=U.1.....—4—-—1

By computing N/4-point DFTs, we would obtain the N/2-point DFTs Fj(k) and
F>(k) from the relations

N
Fi(k) = Vu®) + WVt k=0.1,.... ¢ =1
(6.1.31)
F J:-4»E = Vi) — WE _vp(k) k=0.1 -E—l
1 2) - " N V12 =0.1,.... r
s N
Fa(k) = Vz1{k)+WNRVn(k) k=ﬂ'.1,...,I—]
i ” (6.1.32)
k
where the {V;;(k)} are the N/4-point DFTs of the sequences {v;;(n)].
x(0p—=——  2.poinl
4)———d DFT :
o gﬂm"m f———w X(0)
-~point
N o o DET's e X(1)
e ——e X(2)
A it f_ﬂmblm e X(3}
poii
5 e Pty e X(4)
X1 pom} e X(5)
'ds} DT Cmnbinc 'I(ﬁ]
2-point
i —e X(7)
3 ——  2-poim DFT’s
"N—— DFT

Figwre 6.5 Three stages in the computation of an N = B-point DFT.
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Figure 6.6 Eight-point decimation-in-time FFT algorithm.

w! ><
x(5) £
-1

Another important radix-2 FFT algorithm, called the decimation-in-frequency
algorithm, is obtained by using the divide-and-conquer approach described in Sec-
tion 6.1.2 with the choice of M = 2 and L = N/2. This choice of parameters
implies a column-wise storage of the input data sequence. To derive the algo-
rithm, we begin by splitting the DFT formula into two summations, one of which
involves the sum over the first N/2 data points and the second sum involves the
last N/2 data points. Thus we obtain

(N/2)-1 N-1

Xty = Y xmWE+ 3 xmWx
=i n=N/2
w2)-1 i MR N (6.1.33)
= g x(n)Wy + Wy g x (n+ ?) win

Since Wy'”2 = (—1), the expression (6.1.33) can be rewritten as

(N/2)-1 N
Xk) = ,,5.:5 [x(n) + (-1 (n - -5)] Wi (6.1.34)




Data Data

decimation ] decimation 2
Memory address Memory
(decimal} (binary)
0 Qo0 x(0} - x(0) - x(0)
1 001 x(1) x(2) >< xi{4)
2 010 x(2) xi4) 2}
3 011 x(3) x(6) x(6)
4 100 x(4) x(1) x(1)
5 101 x(5) x(3) >< x(5)
i 110 x(6) x(5) x(3)
7 111 x(7) x(T) x(7}
Natural Bil-reversed
order order

(a)

Now, let us split (decimate) X (k) into the even- and odd-numbered samples. Thus
we obtain

(W21 N . -
X(2k) = E [x(n)+x(n+-)]wm l:=U.1.....-5——1 (6.1.39)

a=0 2
and
(N/2)-1 N N
X(Zk+1)= Z l[x(n)-x(n-r?)]w;‘,} H’zr'h k=0,1,...,-2--1
ne=0
{6.1.36)
where we have used the fact that W} = Wyp.
If we define the N/2-point sequences g;(n) and gz(n) as
N
g1{n) = xin) +x (n + E)
" % (6.1.37)
g2(n) = [x(n}—x (n+ 5)] wy, n=0.1'2..<-.5—1
then
(N21-1
X2 = Y smWwy,
=0 (6.1.38)
(N2)=1

X2+ = Y gamWh,

n={l
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We observe from Fig. 6.11, that the input data x(n) occurs in natural order,
but the output DFT occurs in bit-reversed order. We also note that the computa-
tions are performed in place. However, it is possible to reconfigure the decimation-
in-frequency algorithm so that the input sequence occurs in bit-reversed order
while the output DFT occurs in normal order. Furthermore, if we abandon the
requirement that the computations be done in place, it is also possible to have
both the input data and the output DFT in normal order.
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Filter type Q{ew) Plw)

hin) =hiM — 1 —n) (=132
M odd 1 Z a(k) cos wk
(case 1) e

hin) = hiM — 1 — n) M21-1
M even cosz Y bk)cosawk
(case 2) 2 s

hin) = —h(M —1—n) (=312
M odd sin w Z Eik) cos wk
{case 3) i}

hin) = —h(M — 1 —n) (2=
M even sin = Z d k) cos wk
(case 4) 2 k)

IIR FILTER DESIGN

DESIGN OF IR FILTERS FROM ANALOG FILTERS

Just as in the design of FIR filters, there are several methods that can be used to
design digital filters having an infinite-duration unit sample response. The tech-
niques described in this section are all based on converting an analog filter into
a digital filter. Analog filter design is a mature and well developed field, so it is
not surprising that we begin the design of a digital filter in the analog domain and
then convert the design into the digital domain.

An analog filter can be described by its system function.

Hy(s) = — = —— (8.3.1)

where {&.) and {8} are the filter coefficients, or by its impulse response, which is
related to #,(s) by the Laplace transform

Hy(s) = f h(t)e ™' dt (8.3.2)
—oo

Alternatively, the analog filter having the rational system function H(s) given in

(8.3.1), can be described by the linear constant-coefficient differential equation

Noodty(in) &L dtx(n)
[l = B (8.3.3
fzg *ark ; *art

where x(r) denotes the input signal and y(r) denotes the output of the filter.

Each of these three equivalent characterizations of an analog filter leads to
alternative methods for converting the filter into the digital domain, as will be
described in Sections 8.3.1 through 8.3.4. We recall that an analog linear time-
invariant system with system function H(s) is stable if all its poles lie in the left
half of the s-plane. Consequently, if the conversion technique is to be effective, it
should possess the following desirable properties:

1. The jf axis in the s-plane should map into the unit circle in the z-plane.
Thus there will be a direct relationship between the two frequency variables
in the two domains.




2. The left-half plane (LHP) of the s-plane should map into the inside of the
unit circle in the z-plane. Thus a stable analog filter will be converted to a

stable digital filter.

We mentioned in the preceding section that physically realizable and stable
IIR filters cannot have linear phase. Recall that a linear-phase filter must have a
system function that satisfies the condition

H(z) =+:""HE™) (8.3.4)

where ;=" represents a delay of N units of time. But if this were the case, the
filter would have a mirror-image pole outside the unit circle for every pole inside
the unit circle. Hence the filter would be unstable. Consequently, a causal and
stable IIR filter cannot have linear phase.

If the restriction on physical realizability is removed., it is possible to obtain
a linear-phase IIR filter, at least in principle. This approach involves performing a
time reversal of the input signal x(n), passing x{—n) through a digital filter H(z),
time-reversing the output of A (z), and finally, passing the result through H(z)
again. This signal processing is computationally cumbersome and appears to offer
no advantages over linear-phase FIR filters. Consequently, when an application
requires a linear-phase filter, it should be an FIR filter.

In the design of IIR filters, we shall specify the desired filter characteristics
for the magnitude response only. This does not mean that we consider the phase
response unimportant. Since the magnitude and phase characteristics are related,
as indicated in Section 8.1, we specify the desired magnitude characteristics and
accep! the phase response that is obtained from the design methodology.

8.3.1 lIR Filter Design by Approximation of Derivatives

One of the simplest methods for converting an analog filter into a digital filter is to
approximate the differential equation in (8.3.3) by an equivalent difference equa-
tion. This approach is often used to solve a linear constant-coefficient differential
equation numerically on a digital computer.

For the derivative dy{1)/dt at time r = nT, we substitute the backward dif-
ference [y(nT) — y(nT — 1)]/T. Thus

dy(r) _ ¥aT) = y(nT - T)
dr t=nT - T
y(n) — y(n—1)
= 3.
T (8.3.5)

where T represents the sampling interval and v(n) = y(nT). The analog differ-
entiator with output dy(r)/dr has the system function H(s) = s, while the digi-
tal system that produces the output [y(n) — v(n — 1)]/T has the system function
H(z) = (1—z1)T. Consequently, as shown in Fig. 8.29, the frequency-domain




wn) 1=z} ﬂ{);ﬂ!t-ﬂ
' T | * T Figure 829 Substitution of the

3 backward difference for the derivative
(b) implies the mapping s = (1~ z7)/T.

equivaient for the relationship in (8.3.5) is
gt
TTT
The second derivative d”y(r)/d* is replaced by the second difference, which
is derived as follows:

(8.3.6)

d*y(1) _d [d}'(r}]
dﬂ r=nT - di di r=nT
_ [y(nT) = y(nT = TH)/T —[v(nT =T) = y(nT = 2T|/T
B T
yin)—2vin =1} + vin -2
- 4 — ) ) (83.7)
In the frequency domain, (8.3.7) is equivalent to
1-2z71 4772 Jigrdn®
2
5f= = = ( T ) (8.3.8)

It easily follows from the discussion that the substitution for the kth derivative
of y(r) results in the equivalent frequency-domain relationship
k

_ -l
st= (1 T‘ ) (8.3.9

Consequently, the system function for the digital IIR filter obtained as a result of
the approximation of the derivatives by finite differences is

H(Z} = Hﬂ{s”;mfl—z"jf]" [3.3.1ﬂ}

where H,(s) is the system function of the analog filter characterized by the differ-
ential equation piven in (8.3.3).

Let us investigate the implications of the mapping from the s-plane to the
z-plane as given by (8.3.6) or, equivalently,

1
1-—-sT
If we substitute s = jQ in (8.2.11), we find that

1
= T AT

(8.3.11)

-
i

z
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= 1rom Vi o
As § varies from —oo to oo, the corresponding locus of points in the z-plane is a
circle of radius l—, and with center at z = %, as illustrated in Fig. 8.30.

It is easily demonstrated that the mapping in (8.3.11) takes points in the
LHP of the s-plane into corresponding points inside this circle in the z-plane and
points in the RHP of the s-plane are mapped into points outside this circle. Con-
sequently, this mapping has the desirable property that a stable analog filter is
transformed into a stable digital filter. However, the possible location of the poles
of the digital filter are confined to relatively small frequencies and, as a conse-
quence, the mapping is restricted to the design of lowpass filters and bandpass
filters having relatively small resonant frequencies. It is not possible, for exam-
ple, to transform a highpass analog filter into a corresponding highpass digital
filter.

In an attempt to overcome the limitations in the mapping given above, more
complex substitutions for the derivatives have been proposed. In particular, an
Lth-order difference of the form

dy(r) y(nT +&kT) — y(nT —kT)
di *_E: T

(8.3.12)

(8.3.13)

t=nT k=1

has been proposed, where {e;} are a set of parameters that can be selected to
optimize the approximation. The resulting mapping between the s-plane and the
z-plane is now

L
12 ap(zf =27 (8.3.14)
T =

Unit circle
z-plane

|

s-plane

Figure 830 The mapping s = (1 — z~')/T takes LHP in the s-plane into points
inside the circle of radius } and center z = } in the z-plane.




When z = ¢/, we have

2 :
3= nga; sin wk (8.3.15)

which is purely imaginary. Thus
L
ﬂ=32a,sinmk (8.3.16)
T k=1

is the resulting mapping between the two frequency variables. By proper choice
of the coefficients {a;} it is possible to map the jQ-axis into the unit circle. Fur-
thermore, points in the LHP in s can be mapped into points inside the unit circle
in z.

Despite achieving the two desirable characteristics with the mapping of
(8.3.16), the problem of selecting the set of coefficients (e;) remains. In peneral,
this is a difficult problem. Since simpler techniques exist for converting analog
filters into ITR digital filters, we shall not emphasize the use of the Lth-order
difference as a substitute for the derivative.

8.3.2 liR Filter Design by impulse Invariance

In the impulse invariance method, our objective is to design an IIR filter having a
unit sample response A(n) that is the sampled version of the impulse response of
the analog filter. That 1s,

hin) =h(nT) n=0,1,2,... (8.3.17)

where T is the sampling interval.

To examine the implications of (8.3.17), we refer back to Section 4.2.9. Recall
that when a continuous time signal x,(r) with spectrum X,(F) is sampled at a
rate F; = 1/T samples per second, the spectrum of the sampled signal is the
periodic repetition of the scaled spectrum F,X,(F) with period F,. Specifically,
the relationship is

X(fi=F ) X(f—KF] (8.3.18)
ks—00

where f = F/F, is the normalized frequency. Aliasing occurs if the sampling rate
F, is less than twice the highest frequency contained in X,(F).

Expressed in the context of sampling the impulse response of an apalog
filter with frequency response H,(F), the digital filter with unit sample response
h(n) = h,(nT) has the frequency response

H(fy=F, Y Hl(f~bF] (8.3.19)
k= —r0
or, equivalently,
H@) =F ) Hd(w-2rk)F] (8.3.20)

k=-00




or

1 & 2k
H(QT) = th H, (sz = “i"”‘) (8.3.21)
=—00

Figure 8.31 depicts the frequency response of a lowpass analog filter and the
frequency response of the corresponding digital filter.

It is clear that the digital filter with frequency response H{(w) has the fre-
quency response characteristics of the corresponding analog filter if the sampling
interval T is selected sufficiently small to completely avoid or at least minimize
the effects of aliasing. It is also clear that the impulse invariance method is in-
appropriate for designing highpass filters due the to spectrum aliasing that results
from the sampling process.

To investigate the mapping of points between the z-plane and the s-plane
implied by the sampling process, we rely on a generalization of (8.3.21) which
relates the z-transform of k(n) to the Laplace transform of k,(r). This relation-
ship is

1 & 2ak
H@lewer == 3 He (s - j—) (83.22)

[ £ B <] T




where

H(z) = ih[n}z_“
n=l{}

H(D|imer = ) _h(n)e™™" (8.3.23)
re={l

Note that when s = j£2, (8.3.22) reduces to (8.3.21), where the factor of j in H,(52)
is suppressed in our notation.
Let us consider the mapping of points from the s-plane to the z-plane implied
by the relation
r=¢e"7 (8.3.24)

If we substitute 5 = o + jQ2 and express the complex variable z in polar form as
z = re’, (8.3.24) becomes

rejm — EchejﬂT
Clearly, we must have
r=¢7’
(8.3.25)
w =07

Consequently, ¢ < ( implies that 0 < r < 1 and ¢ = 0 implies that r = 1. When
o = (), we have r = 1. Therefore, the LHP in 5 15 mapped inside the unit circle in
z and the RHP in s is mapped outside the unit circle in z,

Also, the jQ2-axis is mapped into the unit circle in z as indicated above. How-
ever, the mapping of the jQ-axis into the unit circle is not one-to-one. Since w
is unique over the range (—n, 7}, the mapping @ = QT implies that the interval
—n/T < £ < n/T maps into the corresponding values of -7 < w < n. Fur-
thermore, the frequency interval n/7 < Q < 3x/T also maps into the interval
—mw < w < & and, in general, so does the interval (2k - 1)nr/T < Q < 2k + 1) /T,
when k is an integer. Thus the mapping from the analog frequency £ to the fre-
quency variable @ in the digital domain is many-to-one, which simply reflects the
effects of aliasing due to sampling. Figure 8,32 illustrates the mapping from the
s-plane to the z-plane for the relation in (8.3.24)."

To explore further the effect of the impulse invariance design method on
the characteristics of the resulting filter, let us express the system function of the
analog filter in partial-fraction form. On the assumption that the poles of the
analog filter are distinct, we can write

N

H(s) =) — (8.3.26)

=" P

where {p.) are the poles of the analog filter and {c;) are the coefficients in the
partial-fraction expansion. Consequently,

N
ha(t) = Z"’*’M =0 (8.3.27)
k=1




7
/ Figure 832 The mapping of z = ¢'7
/ maps strips of width 2 /T (for o < 0) in
s A------ = 3—]:{ the s-plane into points in the unit circle
i in the z-plane,
If we sample h,(t) periodically at 1 =nT, we have
hin) = ha(nT)
N
=Y crePT (8.3.28)

k=]

Now, with the substitution of (8.3.28), the system function of the resulting digital
IIR filter becomes

e =]
H(z) =Y hmz™
rrad)

£ (Fen)

=il k=]
N o
= Y o) (Pl (8.3.29)
k=1 =l
The inner sum in (8.3.29) converges because p, < 0 and yields
o
1
L L | 8.3.30)
gte W (
Therefore, the system function of the digital filter is
N
3
Hz) = ; T:;"?.F (8.3.31)
We observe that the digital filter has poles at
u=e*"  k=12,...,N (8.3.32)

8.3.3 lIR Filter Design by the Bilinear Transformation

The IIR filter design techniques described in the preceding two sections have a
severe limitation in that they are appropriate only for lowpass filters and a limited
class of bandpass filters.

In this section we describe a mapping from the s-plane to the z-plane, called
the bilinear transformation, that overcomes the limitation of the other two design




methods described previously. The bilinear transformation is a conformal mapping
that transforms the jQ-axis into the unit circle in the z-plane only once, thus
avoiding aliasing of frequency components. Furthermore, all points in the LHP of
5 are mapped inside the unit circle in the z-plane and all points in the RHFP of s
are mapped into corresponding points outside the unit circle in the z-plane.

The bilinear transformation can be linked to the trapezoidal formula for
numerical integration. For example, let us consider an analog linear filter with
system function

H(s) = (8.3.33)
F+a
This system is also characterized by the differential equation
fi—?l + ay(r) = bx(r) (8.3.34)

Instead of substituting a finite difference for the derivative, suppose that we in-
tegrate the derivative and approximate the integral by the trapezoidal formula.
Thus

w(t) = f Tyt + ¥(rg) (8.3.35)
(o

where y'(r) denotes the derivative of v(r). The approximation of the integral in
(8.3.35) by the trapezoidal formula at r = n7 and 1 = nT — T yields

T
y(nT) = -f[y'(n‘r) + ¥nT — T+ ¥inT —T) (8.3.36)

Now the differential equation in (8.3.34) evaluated at + = rT yields
¥(nT) = —ay(nT) + bx(nT) (8.3.37)

We use (8.3.37) to substitute for the derivative in (8.3.36) and thus obtain a dif-
ference equation for the equivalent discrete-time system. With y(n) = »(nT) and
xi(n) = x(nT), we obtain the result

T Tr r
(1 + HT) ¥(n) — (1 = RT) yin—1)= %—[x{n] +x(n —1)] (8.3.38)
The z-transform of this difference equation is

T
(1 - “—) Y(z) — (1 - ‘-’21) ¥ (@)= -Z—Tfl +z27 X @

2
Consequently, the system function of the equivalent digital filter is
Y &T/2)(1 + 277
H(z) = (z) (ET2)1 +279)

Xz 1+alf2-(—af/2z}

or, equivalently,

H@) = 2 (8.3.39)

21—zt
T\1+z1 e




Clearly, the mapping from the s-plane to the z-plane is

2L —g™

This is called the bilinear transformation.

Although our derivation of the bilinear transformation was performed for a
first-order differential equation, it holds, in general, for an Nth-order differential
equation.

To investigate the characteristics of the bilinear transformation, let

zZ = re
s =0+ jQ2
Then (8.3.40) can be expressed as
ym 221
Tz+1
2relv—]
= Trew+l

2( r—1 , 2rsinw )
= — 4

T\1+ri+2rcosw  '1+r+2rcosw
Consequently,
2 rf—1
= = 8.3.41
O = TI¥ P troosw ( )
2 2r sin w

Q (8.3.42)

T T1+7+ 2rcosw
First, we note that if r < 1, then ¢ < 0, and if r > 1, then ¢ > (. Conse-

quently, the LHP in 5 maps into the inside of the unit circle in the z-plane and the

RHP in s maps into the outside of the unit circle. When r = 1, then & = 0 and

2 sinw
= —
T1+cosw
2 w
= F tan E (8.3.43)
or, equivalently,
w= 2tan”} nz_r (8.3.44)

The relationship in (8.3.44) between the frequency variables in the two domains
is illustrated in Fig. B.36. We observe that the entire range in  is mapped only
once into the range —r < w < . However, the mapping is highly nonlinear. We
observe a frequency compression or frequency warping, as it is usually called, due
to the nonlinearity of the arctangent function.

It is also interesting to note that the bilinear transformation maps the point
s = oo into the point ; = —1. Consequently, the single-pole lowpass filter in
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Chebyshev filters. There are two types of Chebyshev filters. Type |
Chebyshev filters are all-pole filters that exhibit equiripple behavior in the pass-
band and a monotonic characteristic in the stopband. On the other hand, the
family of type II Chebyshev filters contains both poles and zeros and exhibits a

monotonic behavior in the passband and an equiripple behavior in the stopband.
The zeros of this class of filters lie on the imaginary axis in the s-plane.

The magnitude squared of the frequency respanse characteristic of a type I
Chebyshev filter is given as

1
= 3.51
O = e Ba

where ¢ is a parameter of the filter related to the ripple in the passband and Ty(x)
is the Nth-order Chebyshev polynomial defined as

cos(N cos~ 1 x), jx] <1 (8352

Tula) =1 cah(Neoslity),  |r|>1

The Chebyshev polynomials can be generated by the recursive equation
T,a.'i-]i:-‘f} =2x TNfX) - T,\-'_]E.X} N = 1,2.... i (8353}

where Ty(x) = 1 and Ti(x) = x. From (8.3.53) we obtain T3(x) = 2xZ — 1, Ta(x) =
4y® — 3x, and so on.
Some of the properties of these polynomials are as follows:

1. [Tyix) =1 for all x| = 1.
2 Ty(ly=1forall N.
3. All the roots of the polynomial Ty(x) occur in the interval -1 < x < 1.




The filter parameter ¢ is related to the ripple in the passband, as illustrated
in Fig. 8.39, for N odd and N even. For N odd, Ty (0) = 0 and hence |H(0)]* = 1.
On the other hand, for N even, Ty(0) = 1 and hence |H(0)]* = 1/(1 + €%). At the
band edge frequency 2 = §2,. we have Ty (1) = 1, so that

L 0 7
1+e¢
or, equivalently,
w 1
= — =1 (8.3.54)
(1-48)-

where 4, is the value of the passband ripple.
The poles of a type [ Chebyshev filter lie on an ellipse in the s-plane with
major axis

2
=5 b 2; : (8.3.55)
and minor axis
pr-1
r =0, (8.3.56)
where £ is related to ¢ according to the equation
/N
41 141
s [ +:_+_] (8.3.57)

The pole locations are most easily determined for a filter of order N by first locating
the poles for an equivalent Nth-order Butterworth filter that lie on circles of radius
ry or radius r3, as illustrated in Fig. 8.40. If we denote the angular positions of the
poles of the Butterworth filter as

x (2k+ )=
ps o hime s k=0,12,....N-1 {8.3.58)
then the positions of the poles for the Chebyshev filter lie on the ellipse at the
coordinates (x;, w). k=10, 1,..., N — 1, where

.Ik=r1l:05¢k. k:ﬂ,l.,..,N*—l
(8.3.59)
}’k=r15in¢h kz[]_] ..... N_]

A type II Chebyshev filter contains zeros as well as poles, The magnitude
squared of its frequency response is given as

1
|H(@))? = . (8.3.60)
1+ €2[TE(2/R2,)/T (/D)
where Ty (x) is, again, the Nth-order Chebyshev polynomial and £, is the stopband
frequency as illustrated in Fig. 8.41. The zeros are located on the imaginary axis
at the points

k=0,1,...,N-1 (8.3.61)

S = J—
k Jsmm




The poles are located at the points (v, wy), where

£2, x;

Jai+ v

et g

LS

Il

k=01,...,

(8.3.62)

(8.3.63)

where {x;} and {y,} are defined in (8.3.59} with # now related to the rippie in the

stopband through the eguation

14 /18
pm=| —— }

1/

B

Iugl:(\/l - E% + \/1 —6%(1 + 52}) jeﬁg}

lﬂg [{n:fﬂp} + v {ﬂsf'rﬂp:'z e 1]

_ cosh™'(8/e)
cosh™' (%, /)
where, by definition, & = 1/4/1 + &%,

Frequency Transformations in the Analog Domain

Band edge
Type of frequencies of
transformation Transformation new filter
RP
Lowpass 5 — n—;‘; i,
High 4y o
L1 —_—
ighpas F < .
57 4 KL
0, e 52,
B ST N n
s(Eh =51 )
Bandst SREPLS v Nt e A S LT *
andstop I oy ., 0L,

Frequency Transformations in the Digital Domain

(8.3.64)
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transformation

Transformation
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Lowpass

Highpass

Bandpass

Bandstop
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=ty
gt =gzl +1

" i —a
T — -

azr? =ayzmt+ 1

wy

L]

-

]

H

52 F¢E
0

&

[

W e

= band edge frequency
of new filter

sinf{ap — w)/2]
sinflap + o) )2]

= band edge frequency
new filter

_ cos|(wp + W 2]

T cosfiw, = w))/Z)

lower band edge frequency
upper band edge frequency
—2aK K +1)
(K -1)/(K+1)
cos|(ey + wr)/2]
cos|(w, — an),2]

Wy =@ W,

wp
7 "5

lower band edge frequency
upper band edge frequency
-2a/(K +1)
{1-K)/(1+K)

o (e + ey )/2]

cos|(w, — ar)/2]

by — oy anx Wy

2 2

cot

tan
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Conversion of direct-form FIR filter coefficients to lattice coefficients.
Suppose that we are given the FIR coefficients for the direct-form realization or,
equivalently, the polynomial A, (z), and we wish to determine the corresponding
lattice filter parameters {K;}. For the m-stage lattice we immediately obtain the
parameter K, = a,(m). To obtain K,_; we need the polynomials A,_;(z) since,
in general, K, is obtained from the polynomial A, (z) form=M-1 M-2 .., 1.
Consequently, we need to compute the polynomials A.(z) starting fromm = M—1
and “stepping down” successively tom = 1.

Ky = am(m) tp-1(0) =1
U (k) = KmfBm(k)

U1 (k) =

1—!(3ll
_ O (k) — @ (m)an,(m — k) Y e
1—&;[#;}

STRUCTURES FOR IIR SYSTEMS

In this section we consider different IIR system s structures described by the difference equation
given by the system function. Just as in the case o f FIR system s, there are several types o f
structures or realizations, including direct-form structures, cascade-form structures, lattice structures,
and lattice-ladder structures. In addition, IR systems lend them selves to a parallel form realization.
We begin by describing two direct-form realizations.

DIRECT FORM STRUCTURES:

The rational system function as given by (7.1.2) that characterizes an IIR system
can be viewed as two systems in cascade, that is,

H(z) = Hi(2)Ha(2) {(7.3.1)
where H;(z) consists of the zeros of H(z), and H2(z) consists of the poles of H(z),

M
H@=) bz (1.3.2)
k=il

and

1
)= ——7F (7.3.3)

I
1 +§:.t:uz_I

k=1
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Signal Flow Graphs and Transposed Structures

A signal flow graph provides an alternative, N but equivalent, graphical representation to a
block diagram structure that we have been using to illustrate various system realizations. T he basic
elements o fa flow graph are branches and nodes. A signal flow graph is basically a set o f directed
branches that connect at nodes. By definition, the signal out of a branch is equal to the branch gain
(system function) times the signal into the branch. Furthermore, the signal at anode o f a flow graph
is equal to the sum o fthe signals from all branches connecting to the node.
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—iy by
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z—l

Cascade-Form Structures

Let us consider a high-order IIR system with system function given by equation. Without loss o
f generality we assume that N > M . T h e system can be factored into a cascade o f second-
order subsystem s, such that / (z) can b e expressed as




K
H() =[] He@)

k=1
where K is the integer part of (N + 1)/2. Hi(z) has the general form

by + bz~ + biaz 2
1+ anz~! +apz?

Hlz) =

The general form of the cascade structure is illustrated in Fig. 7.19. If we
use the direct form II structure for each of the subsystems, the computational
algorithm for realizing the IIR system with system function H(z) is described by
the following set of equations.

wo(n) = x(n) (7.3.16)
lﬂ*(ﬂ] = —.ﬂutl.l}_{l’! Err I} = Ay (R —2} +_‘Fj;_._]l:r1} k= 1.2.__,+K (?3,1?}
yi(n) = bppwi(n) + bpupin — 1) + bowi{n — 2) kw12, .00, K (7.3.18)
y(n) = yg(n) (7.3.19)
x(n)=x,(n) xafm) Xy(n)
Hi(z) Hal2) - fe Hgdz)
¥ (n} ¥4in) vim)
(a)
o, . TR gtk
-1
—ay by
+ — 4
z-—i
8y by
(b)

Parallel-Form Structures
A parallel-form realization o f an IIR system can be obtained by performing a partial-fraction

expansion o f H( z) . Without loss o f generality, w e again assume that N > M and that the poles are
distinct. Then, by performing a partial-fraction expansion o f H( z ), we obtain the result

Hf~1—c+i 5
0= e
= 1= pas




g I

AL
ot

Hy(z)

The realization of second order form is given by

x(m) byg N )
fpr—

—dp by

S

=g

The general form of parallel form of structure is f\given by
wiln) = —apwie(n = 1) — gwi(n — 2) + xi(n) k=12 . ..K
viln) = bowy(n) + buwe(n — 1) k=12 ....K

K
¥(n) = Cx(n)+ ) yiln)
k=1
Lattice and Lattice-Ladder Structures for IIR Systems

In Section 7.2.4 we developed a lattice filter structure that is equivalent to an FIR
system. In this section we extend the development to IIR systems.
Let us begin with an all-pole system with system function
1 _ 1

L]  AN(D)
14 ) antk)z™

k=]
The direct form realization of this system is illustrated in Fig. 7.23. The difference
equation for this IIR system is

H(z) = (7.3.26)

N
y(my == an(k)y(n — k) + x(n) (7.3.27)
k=1

It is interesting to note that if we interchange the roles of input and output
[i.e., interchange x(n) with y(n) in (7.3.27)], we obtain

N
x(n) = =) an(k)x(n — k) + y(n)
k=1




or, equivalently,

N
y(m)=x(n)+ Y _an(k)x(n — k) (7.3.28)

k=1
We note that the equation in (7.3.28) describes an FIR system having tbe
system function H(z) = Ay(z), while the system described by the difference equé
tion in (7.3.27) represents an IIR system with system function H(z) = 1/An()-

xi{n} /:\ S ilm) Sain) /:\,' Hitm) f’:\ Solm
Juim

Exin) Ey-1lA)  gafm)
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D, 271 =) al)

Uy Uy Uy 1Yy 1 ty




UNIT -4

IIR AND FIR FILTERS
The transfer function is obtained by taking Z transform of finite sample impulse response. The filters
designed by using finite samples of impulse response are called FIR filters.
Some of the advantages of FIR filter are linear phase, both recursive and non recursive, stable and
round off noise can be made smaller.
Some of the disadvantages of FIR filters are large amount of processing is required and non integral
delay may lead to problems.
DESIGN OF FIR FILTERS

An FIR filter of length M with input x(n} and output y(n) is described by the
difference equation

yin) = lpxin)+bxin—-1)+-- -+ by x(in-M+1)

M=1
= E bixin — k)
bl

where (b} is the set of filter coefficients. Alternatively, we can express the output
sequence as the convolution of the unit sample response h(n) of the system with
the input signal. Thus we have

M-1
y(r) =) hk)x(n —k) (8.2.2)
==l

(8.2.1)

where the lower and upper limits on the convolution sum reflect the causality and
finite-duration characteristics of the filier. Clearly, (8.2.1) and (8.2.2) are identical
in form and hence it follows that by = h(k), k=0,1,... . M - 1.
The filter can also be characterized by its system function
M-1

H(z)= Y h(k)z™ 82.3)
k=)

which we view as a polynomial of degree M — 1 in the variable z~'. The roots of
this polynomial constitute the zeros of the filter.
An FIR filter has linear phase if its unit sample response satisfies the condi-
tion
hin) = hiM —~ 1 —n) n=01,....M =1 (B.2.4)

When the symmetry and antisymmetry conditions in (8.2.4) are incorporated into
(8.2.3), we have

H(z) = h(0) + h(Dz7 ' + Az~ + - + A(M = 2)z7 M2 L p(M — 1)~ M-

—{ M =102 M1 =i (M =1—2k)72 — (M =1=-2k)2
=z h -+ Z hiny [z 4 M- ] M odd
m=(}

2
(M/2)=1
w2 NIRRT eV OR 4  SWSIIAT A even (8.2.5)
n=0

Now, if we substitute z~! for z in (8.2.3) and multiply both sides of the resulting
equation by z~ ¥~ we obtain

T~ M-BE G = 2 H(2) (8.2.6)




When A(n) = h(M — 1 —n), H(w) can be expressed as
Hiw) = Hr(w_]f“-‘-'ﬂu_”ﬂ (8.2.7)

where H (@) is a real function of @ and can be expressed as

M -1 e M —
H,{m}=h( > )+2 E h{n}GOSu:(

B n) M odd (8.2.8)

s} 2
(M[2)=1 M—1
Hw =2 ;, h{n)cﬂsw( > ——n) M even (8.2.9)
The phase characteristic of the filter for both M odd and M even is
—w(‘”gl), if H,(w) > 0
B(w) = M—1 (8.2.10)
—w( 3 )+n. if H.(w) <0
When

Rin) =—h(M —1 —n)

the unit sample response is anfisymmetric. For M odd, the center point of the
antisymmetric k(n) is n = (M — 1)/2. Consequently,

a(”;1)=n

It is ﬂraightfurwa[rd to show that the frequency resﬁnnse of an FIR filter with
an antisymmetric unit sample response can be expressed as

H(w) = H,(w)ell-eM-D/2+a7] (8.2.11)
where
(M~3y2 WA
Hiw) =2 ) J:(n]s'mm( s n) M odd (8.2.12)
LE ]
H (w) =2 E h{n) sin w ( 5 —n) M even (8.2.13)
=il

The phase characteristic of the filter for both M odd and M even is
T M-1
——m( )* if Hy(w) >0

2 2
B{w) = 3 M—1 - (8.2.14)
—2- -y —2— F if H.(w) <0




The choice of a symmetric or antisymmetric unit sample response depends
on the application. As we shall see later, a symmetric unit sample response is
suitable for some applications, while an antisymmetric unit sample response is
more suitable for other applications. For example, if h(n) = ~h(M —1 —n) and M
is odd, (8.2.12) implies that H,(0) = 0 and H,(r) = 0. Consequently, (8.2.12) is not
suitable as either a lowpass filter or a highpass filter. Similarly, the antisymmetric
unit sample response with M even also resuits in H, (0) = 0, as can be easily verified
from (8.2.13). Consequently, we would not use the antisymmetric condition in the
design of a lowpass linear-phase FIR filter, On the other hand, the symmetry
condition h(n) = h(M — 1 — n) vields a linear-phase FIR filter with a nonzero
response at w = 0, if desired, that is,

M _-_1 {M-—-ﬂ:fz
= 2 %8
H,(0) h( s )+ gﬂ h(n), M odd (8.2.15)
(M 2)-1
H)=2 ) h{n), M even (8.2.16)
n=0{

8.2.2 Design of Linear-Phase FIR Filters Uging Windows

In this method we begin with the desired frequency response specification Hy(w)
and determine the corresponding unit sample response hy(n). Indeed, hy(n) is
related to Hy(w) by the Fourier transform relation

Hyw) =) _ haln)e e (8.2.17)
n={)

where .

hy(n) = é Hy(w)e' ™ dw (8.2.18)

-x
Thus, given H;(w), we can determine the unit sample response h;(n) by evaluating
the integral in (8.2.18).




In general, the unit sample response hy(n) obtained from (8.2.17) is infinite
in duration and must be truncated at some point, say at n = M — 1, to yield an
FIR filter of length M. Truncation of hy(n) to a length M — 1 is equivalent to
multiplying hs(n) by a “rectangular window,” defined as

o= [é ;t:e[:;i;t;nlﬂhl (82.19)
Thus the unit sample response of the FIR filter becomes
hin) = hy(n)win)
o { ha(n), n=01....M-1 (8.2.20)
0, otherwise

It is instructive to consider the effect of the window function on the de-
sired frequency response Hy(w). Recall that multiplication of the window function
w(n) with hy(r) is equivalent to convolution of H;(w) with W(w), where W(w) is
the frequency-domain representation (Fourier transform) of the window function,
that is,

M=l
Ww) =) wine /™ (8.2.21)
n=0
Thus the convolution of Hs(w) with W(w) yields the frequency response of the
(truncated) FIR filter. That is,

i

H{w) = 2—:_{- Hy(v)W(w — vidv (8.2.22)
=

The Fourier transform of the rectangular window is

M1
Ww) = 3 eon
= (8.2.23)
1= g-j=M _ —jelM-D2 sin(wM [2)
1-—eg-iw sin(w/2)
This window function has a magnitude response

Isin(mMﬁ}I
T —— - 1 4
= S| T<wW=<nm (8.2.24)

iW(w)]

and a piecewise linear phase

2

-m(‘“; 1) +m,  when sin(wM/2) <0

The magnitude response of the window function is illustrated in Fig. 8.4 for M = 31
and 61. The width of the main lobe [width is measured to the first zero of W(w)]

-m(”di), when sin{wM/2) = 0

Ow) = (8.2.25)
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8.2.3 Design of Linear-Phase FIR Filters by the
Frequency-Sampling Method

In the frequency sampling method for FIR filter design, we specify the desired

frequency response H,(w) at a set of equally spaced frequencies, namely
M-
ﬂlk:%(k‘f'a) k=ﬂ11|---lTl Hodd

k=n,1~...,i'fth1 e (8.2.30)

a=0 or 1

and solve for the unit sample response h(r) of the FIR filter from these equally




spaced frequency specifications. To reduce sidelobes, it is desirable to optimize the
frequency specification in the transition band of the filter. This optimization can be
accomplished numerically on a digital computer by means of linear programming
techniques as shown by Rabiner et al. (1970).

In this section we exploit a basic symmetry property of the sampled frequency
response function to simplify the computations. Let us begin with the desired
frequency response of the FIR filter, which is [for simplicity, we drop the subscript
in Hy(w)],

M=1

Hw) =Y h(n)e™i*" (8.2.31)
ne=l}

Suppose that we specify the frequency response of the filter at the frequencies
given by (8.2.30). Then from (8.2.31) we obtain

Hk+a)=H (%{kﬁ—a))

M-1
Hlk+a) = Y h(n)em/mtramdt  j_01 . . M-1 (8232
e
It is a simple matter to invert (8.2.32) and express h(n) in terms of H(k + a).
If we multiply both sides of (8.2.32) by the exponential, exp(j2rkm/M), m = 0,
l1,....M —1, and sum over k = 0, 1, ..., M — 1, the right-hand side of (8.2.32)
reduces to Mh(m)exp(— j2ram/M). Thus we obtain
= .
h(n) = — 3 Hik+@)el2mkremM g 201 M=1 (8.2.33)
M=
The relationship in (8,2.33) allows us to compute the values of the unit sample
response h(n) from the specification of the frequency samples H(k + o), k = 0,
M — 1. Note that when o = 0, (8.2.32) reduces to the discrete Founier
transform (DFT) of the sequence {h(n)} and (8.2.33) reduces to the inverse DFT
(IDFT).
Since {h(n)} is real, we can easily show that the frequency samples {H (k+ )}
satisfy the symmetry condition

Hik +a)= H*M —k - ) (8.2.34)

This symmetry condition, along with the symmetry conditions for {h(r)}, can be
used to reduce the frequency specifications from M points to (M + 1)/2 points for
M odd and M/2 points for M even. Thus the linear equations for determining
{h(n)} from [H{k + a)} are considerably simplified.

In particular, if (8.2.11) is sampled at the frequencies w; = 2a(k + a)/M,
k=0,1,.... M -1, we obtain

Hk +a) = H, (%(t + cr]) eflPxA-2xktalM-1)/2M} (8.2.35)




where g = 0 when {h(n)) is symmetric and 8 = 1 when {h(n)} is antisymmetric. A
simplication occurs by defining a set of real frequency samples {G(k + m))

2r
Glk+a) = (-D*H, (E(k+n]) E=0.1,....M~1 (8.2.36)

We use (8.2.36) in (8.2.35) to eliminate H,(w;). Thus we obtain
Hk +a) = Gk + a)e/™/Fn2-1niktalM-1)/2M] (8.2.37)

Now the symmetry condition for H(k + ) given in (8.2.34) translates into a corre-
sponding symmetry condition for G(k + «), which can be exploited by substituting
into (8.2.33), to simplify the expressions for the FIR filter impulse response {h(n))
for the four cases a =0, @ = %, £ =10, and g = 1. The results are summarized in
Table 8.3, The detailed dertvations are left as exercises for the reader.

8.2.4 Design of Optimum Equiripple Linear-Phase FIR
Filters

The window method and the frequency-sampling method are relatively simple
techniques for designing linear-phase FIR filters. However, they also possess some
minor disadvantages, described in Section 8.2.6, which may render them undesir-
able for some applications. A major probiem is the lack of precise control of the
critical frequencies such as w, and w;.

The filter design method described in this section is formulated as a Cheby-
shev approximation problem. It is viewed as an optimum design criterion in the
sense that the weighted approximation error between the desired frequency re-
sponse and the actual frequency response is spread evenly across the passband

and evenly across the stopband of the filter minimizing the maximum error. The
resulting filter designs have ripples in both the passband and the stopband.

To describe the design procedure, let us consider the design of a lowpass
filter with passband edge frequency w, and stopband edge frequency w,. From
the general specifications given in Fig. 8.2, in the passband, the filter frequency
response satisfies the condition

-8 <H(w)=1+4§ lw| < wp (8.2.43)

Similarly. in the stopband, the filter frequency response is specified to fall between
the limits +4§,, that is,

— b1 < Hylw) < & || = ewy (8.2.44)

Thus &, represents the ripple in the passband and &; represents the attenuation or
ripple in the stopband. The remaining filter parameter is M, the filter length or
the number of filter coefficients.




Case 1: Symmetric unit sample response hin) = h(M —1—n) and M Odd.
In this case, the real-valued frequency response charactenstic H,(w) is

H,{w}zh( 5 )+2 E J:(n]oosw(

nusl)

! - n) (8.2.45)

If we let k = (M —1)/2 — n and define a new set of filter parameters {a(k)) as

h(u) k=0

2
alk) = (8.2.46)
M-1 M-1
Zh(—znr—k). k=1,2,..,,T
then (8.2.45) reduces to the compact form
(M—1)72
H(w)= Y a(k)coswk (8.2.47)
k=0

Case 2: Symmetric unit sample response h(n) = h{(M —1—n) and M Even.
In this case, H,(w) is expressed as

(M 21—1 M - ]
H (w) =2 § h{n)coﬁw( = n) (8.2.48)

Again, we change the summation index from n to k = M/2 — n and define a new
set of filter parameters (b(k)) as

b(k}=2&(£§———k).k=1.2.,...fd’f2 (8.2.49)

With these substitutions (B8.2.48) becomes

M2 1
H (w) = bk} cos (k - —) 8.2.50
W ; w 5 { )]
In carrying out the optimization, it is convenient to rearrange (8.2.50) further into
the form

5 (M 2)~-1 .
H,(w) = cos > 3" b(k) coswi (8.2.51)

k=l

where the coefficients [b(k)] are linearly related to the coefficients {b(k}}]. In fact,
it can be shown that the relationship is

b(0) = 1b(1)

i

% -2 (8.2.52)

b(k) = 2b(k) = btk —1)  k=1,2.3.....

{(#-) -5 (3)




Case 3: Antisymmetric unit sample response h(n) = —h(M — 1 — n) and
M Odd. The real-valued frequency response characteristic H,(w) for this case is

(M-372 ' M—1
H(w) =2 ; h{n}smw( 5 n) (8.2.53)

If we change the summation in (8.2.53) from n to k = (M — 1)/2 — n and define a
new set of filter parameters {c(k)} as

c(k) = 2k (—“;-k) k=12 (M-1))2 (8.2.54)

then (8.2.53) becomes

(M-1)2
H.(w) = z c(k) sin wk (8.2.55)

k=]
As in the previous case, it is convenient to rearrange (8.2.55) into the form

(M=-3)2
H.(w) =sinw Y &) coswk (8.2.56)
k=0

Case 4: Antisymmetric unit sample response hin) = —h(M — 1 — n) and
M Even. In this case, the real-valued frequency response characteristic A, (w) is

(M/2)-1 M~1
Hiw) =2 Z hin)sinw ( - n) (B.2.58)
=0 2
A change in the summation index from n to k = M /2-—n combined with a definition
of a new set of filter coefficients {d(k)|, related to {h(n)} according to

dik) = 2h (% -—k) k:l.E....,—? (B.2.59)

results in the expression

M2
1
Hiw) = dik)sinw{ k — = B.2.60
(@) E (k) ( 2) (8.2.60)
As in the previous two cases, we find it convenient to rearrange (B.2.60) into the
form

(M-1

> dik)coswk (8.2.61)

k=l

w

H, (w) = sin 5




Filter type Q{ew) Plw)

hin) =hiM — 1 —n) (=132
M odd 1 Z a(k) cos wk
(case 1) e

hin) = hiM — 1 — n) M21-1
M even cosz Y bk)cosawk
(case 2) 2 s

hin) = —h(M —1—n) (=312
M odd sin w Z Eik) cos wk
{case 3) i}

hin) = —h(M — 1 —n) (2=
M even sin = Z d k) cos wk
(case 4) 2 k)

IIR FILTER DESIGN

DESIGN OF IR FILTERS FROM ANALOG FILTERS

Just as in the design of FIR filters, there are several methods that can be used to
design digital filters having an infinite-duration unit sample response. The tech-
niques described in this section are all based on converting an analog filter into
a digital filter. Analog filter design is a mature and well developed field, so it is
not surprising that we begin the design of a digital filter in the analog domain and
then convert the design into the digital domain.

An analog filter can be described by its system function.

Hy(s) = — = —— (8.3.1)

where {&.) and {8} are the filter coefficients, or by its impulse response, which is
related to #,(s) by the Laplace transform

Hy(s) = f h(t)e ™' dt (8.3.2)
—oo

Alternatively, the analog filter having the rational system function H(s) given in

(8.3.1), can be described by the linear constant-coefficient differential equation

Noodty(in) &L dtx(n)
[l = B (8.3.3
fzg *ark ; *art

where x(r) denotes the input signal and y(r) denotes the output of the filter.

Each of these three equivalent characterizations of an analog filter leads to
alternative methods for converting the filter into the digital domain, as will be
described in Sections 8.3.1 through 8.3.4. We recall that an analog linear time-
invariant system with system function H(s) is stable if all its poles lie in the left
half of the s-plane. Consequently, if the conversion technique is to be effective, it
should possess the following desirable properties:

1. The jf axis in the s-plane should map into the unit circle in the z-plane.
Thus there will be a direct relationship between the two frequency variables
in the two domains.




UNIT -3
STRUCTURES OF FIR AND IIR SYSTEMS

STRUCTURES FOR THE REALIZATION OF DISCRETE-TIME SYSTEMS
The major factors that influence our choice o f a specific realization are computational complexity,
memory requirements, and finite-word-length effects in the computations.

STRUCTURES FOR FIR SYSTEMS

In general, an FIR system is described by the difference equation
M=1
y(r) =Y bex(n— k) (7.2.1)
k=0
or, equivalently, by the system function
M-1
Hzy=) bzt (7.2.2)
k=0
Furthermore, the unit sample response of the FIR system is identical to the coef-

ficients {b:}, that is,

i !, 28 O<n<M-1
0, otherwise

Direct-Form Structure
The direct form realization follows immediately from the non recursive difference equation given
below

M-
yin) =Y h(k)x(n — k)

k={
x(n} 21 - =1 1 _—
1 AO) h(l) h(2) h(3) MM-12) h{M--1)
1

Cascade-Form Structures
The cascaded realization follows naturally system function given by equation. It is simple matter to
factor H(z) into second order FIR system so that

K
H(z) = [ | Hi(2)
k=1
where

Hk[2}=bgﬂ+bt12‘_l +bﬂ2-2 k

1,2,....K
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Frequency-Sampling Structures

The frequency-sampling realization is an alternative structure for an FIR filter in which the
parameters that characterize the filter are the values o fthe desired frequency response instead of the
impulse response 4(n). To derive the frequency sampling structure, we specify the desired frequency
response at a set o f equally spaced frequencies, namely

2T M-=1
wk=-hT{L+a) k=U,1....._i—* M odd
k=&1,....—?~—1 M even

o =0or;
The frequency response of the system is given by
M-l .
Hw) =) h(me /™"

n=A{)




Hk+a) = H (2_”“. +a})
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Lattice Structure

In this section w ¢ introduce another F IR filter structure, called the lattice filter or

Lattice realization. Lattice filters are used extensively in digital speech processing

And in the implementation of adaptive filters. Let us begin the development by considering a
sequence of FIR filters with system functions

H, (z) = A, (2) m=012,....M-1 (7.2.17)
where, by definition, A,(z) is the polynomial

An(@) =14 ank)z™ mz1 (7.2.18)
k=1

and Ap(z) = 1. The unit sample response of the mth filter is #,(0) = 1 and
hpm(k) = am(k), k =1,2,....m. The subscript m on the polynomial A,{:) denotes
the degree of the polynomial. For mathematical convenience, we define a,, (0) = 1.

If {x(m)} is the input sequence to the filter A,.(z) and [v(n)} is the output
sequence, we have

vin) =x(n)+ ) anlkix(n - k) (7.2.19)

k=1




Next. let us consider an FIR filter for which m = 2. In this case the output
from a direct-form structure is

vin) = x(n) +ax(lixin — 1) 4 ax(2ixin — 2) (7.2.22)

By cascading two lattice stages as shown in Fig. 7.10, it is possible 10 obtain the
same output as (7.2.22). Indeed. the output from the first stage is

Sitn) = x{n) + Kixin— 1)

(1.2.23)
giin) = Kyxin) + x(n=1)
The output from the second stage is
falr} = filn)+ Kagiln—=1)
(7.2.24)
gin) = K fi(n) + gin—1)
A®) 'f’:\"' Filn} = yin)
xin}
goln) — golm — 1} Neod
Joln) = goin) = x(n)
Suin) =fyln) + Kyggln = y=x(n}+ Kixin - 1)
giln)= K fgin} + goln — 1) = Kixin) +x(n = 1)
fkmd ___/:"\ Ayin} LN falin} = yim)
xim) ’
] | -1
wom L " am \ )

fr(n) = x(n) + Kix(n — 1) + Kao[Kixtn = 1) + x(n — 2)]

= x(n)+ Ki{l+ K)x(n— 1)+ Kyx(n — 2)
The general form of lattice structure for m stage is given by’

Joln) = go(n) = x(n)
fml{ﬂ}= fm-—]{ﬂ}'f‘xmgm-—:l{"—l} m-——L').....H—l
Em(n) = Ky fm-1ift) + gm_y(n—1) m=12.... M=1 .

Conversion of lattice coefficients to direct-form filter coefficients. The
direct-form FIR filter coefficients |a, (k)] can be obtained from the lattice coeffi-
cients (K;] by using the following relations:

Ao(2) = Bo(z) =1 (7.2.47)
Am(z) = Ap1(2) + Kpz 'Bpoi(z) m=1,2,... M—1 (7.248)
Bo(2) = 27™Anz™Y) m=12,....M~-1 (7.2.49)




Conversion of direct-form FIR filter coefficients to lattice coefficients.
Suppose that we are given the FIR coefficients for the direct-form realization or,
equivalently, the polynomial A, (z), and we wish to determine the corresponding
lattice filter parameters {K;}. For the m-stage lattice we immediately obtain the
parameter K, = a,(m). To obtain K,_; we need the polynomials A,_;(z) since,
in general, K, is obtained from the polynomial A, (z) form=M-1 M-2 .., 1.
Consequently, we need to compute the polynomials A.(z) starting fromm = M—1
and “stepping down” successively tom = 1.

Ky = am(m) tp-1(0) =1
U (k) = KmfBm(k)

U1 (k) =

1—!(3ll
_ O (k) — @ (m)an,(m — k) Y e
1—&;[#;}

STRUCTURES FOR IIR SYSTEMS

In this section we consider different IIR system s structures described by the difference equation
given by the system function. Just as in the case o f FIR system s, there are several types o f
structures or realizations, including direct-form structures, cascade-form structures, lattice structures,
and lattice-ladder structures. In addition, IR systems lend them selves to a parallel form realization.
We begin by describing two direct-form realizations.

DIRECT FORM STRUCTURES:

The rational system function as given by (7.1.2) that characterizes an IIR system
can be viewed as two systems in cascade, that is,

H(z) = Hi(2)Ha(2) {(7.3.1)
where H;(z) consists of the zeros of H(z), and H2(z) consists of the poles of H(z),

M
H@=) bz (1.3.2)
k=il

and

1
)= ——7F (7.3.3)

I
1 +§:.t:uz_I

k=1




UNIT V
ARCHITECHURE OF TMS320C5X



TMS320 Family Overview

The TMS320 family consists of two types of single-chip DSPs:

d 16-bit fixed-point and 32-bit floating-point. These DSPs
possess the operational flexibility of high-speed controllers
and the numerical capability of array processors.

The following characteristics make this family the ideal choice for
a wide range of processing applications:

Q Very flexible instruction set
 Inherent operational flexibility

J High-speed performance

d Innovative, parallel architectural design
 Cost-effectiveness



Evaluation of the TMS320 family

Figure 1—1. Evolwion of the TMS320 Family
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TMS320 Overview

d The 'C5x generation consists of the 'C50, ‘C51, ‘C52, 'C53,
’C53S, 'C56, 'C57, and 'C57S DSPs, which are fabricated by
CMOS integrated-circuit technology.

 Their architectural design is based on the €25.

d The operational flexibility and speed of the ’C5x are the
result of combining an advanced Harvard architecture (which
has separate buses for program memory and data memory),

J A CPU with application-specific hardware logic, on-chip
peripherals, on-chip memory, and a highly specialized
instruction set.

1 The 'C5x is designhed to execute up to 50 million instructions
per second (MIPS).



Advantages of TMS320

The 'C5x devices offer these advantages:

J Enhanced TMS320 architectural design for increased
performance and versatility.

J Modular architectural design for fast development of spin-off
devices.

J Advanced integrated-circuit processing technology for increased
performance and low power consumption.

1 Source code compatibility with 'C1x, 'C2x, and 'C2xx DSPs for
fast and easy performance upgrades.

d Enhanced instruction set for faster algorithms and for
optimized high-level language operation.

J Reduced power consumption and increased radiation hardness
because of new static design techniques.



TMS320C5x Key Features

a Compatibility: Source-code compatible with 'C1x,
'C2x, and 'C2xx devices

dSpeed: 20-/25-/35-/50-ns single-cycle fixed-point
instruction execution time (50/40/28.6/20 MIPS)

J Power

= 3.3-Vand 5-V static CMOS technology with two
power-down modes

" Power consumption control with IDLE1 and IDLE2
instructions for power-down modes



Architectural Overview

This chapter provides an overview of the
architectural structure of the 'C5x,

which consists of the buses, on-chip memory, central
processing unit (CPU), and on-chip peripherals.

The 'C5x uses an advanced, modified Harvard-type
architecture based on the ’C25 architecture and
maximizes processing power with separate buses for
program memory and data memory.

The instruction set supports data transfers between
the two memory spaces.



Figure 2-1. 'C5x Functional Block Diagram
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Bus Structure

1 The 'C5x architecture is built around four major buses:
= Program bus (PB)
" Program address bus (PAB)
= Data read bus (DB)

= Data read address bus (DAB)

» The PAB provides addresses to program memory space for both
reads and writes.

» The PB also carries the instruction code and immediate operands
from program memory space to the CPU.

» The DB interconnects various elements of the CPU to data
memory space.

» The program and data buses can work together to transfer data
from on-chip data memory and internal or external program

memory to the multiplier for single-cycle multiply/accumulate
operations.



Central Processing Unit (CPU)

1 The 'C5x CPU consists of these elements:
= Central arithmetic logic unit (CALU)
* Parallel logic unit (PLU)
= Auxiliary register arithmetic unit (ARAU)
* Memory-mapped registers
" Program controller



Central Arithmetic Logic Unit (CALU)

The CPU uses the CALU to perform 2s-complement
arithmetic. The CALU consists of these elements:

* 16-bit x 16 -bit multiplier
e 32-bit arithmetic logic unit (ALU)
e 32-bit accumulator (ACC)

e 32-bit accumulator buffer (ACCB)

 Additional shifters at the outputs of both the
accumulator and the product register (PREG)



Parallel Logic Unit (PLU)

The CPU includes an independent PLU, which

operates separately from, but in parallel with, the
ALU.

The PLU performs Boolean operations or the bit
manipulations required of high-speed controllers.

The PLU can set, clear, test, or toggle bits in a status
register, control register, or any data memory
location.

The PLU provides a direct logic operation path to
data memory values without affecting the
contents of the ACC or PREG.



Auxiliary Register Arithmetic Unit (ARAU)

* The CPU includes an unsigned 16-bit arithmetic logic
unit that calculates indirect addresses by using
inputs from the auxiliary registers (ARs), index
register (INDX), and auxiliary register compare
register (ARCR).

* The ARAU can auto index the current AR while the
data memory location is being addressed and can

index either by +/- 1 or by the contents of the
INDX.

* As a result, accessing data does not require the
CALU for address manipulation, therefore, the CALU
is free for other operations in parallel



Memory-Mapped Registers

* The memory-mapped registers are used for indirect data
address pointers, temporary storage, CPU status and control,
or integer arithmetic processing through the ARAU.

* Since the memory-mapped registers are a component of the
data memory space, they can be written to and read from in
the same way as any other data memory location.



Program Controller

e The program controller consists of these elements:
A Program counter
J Status and control registers
J Hardware stack
J Address generation logic
 Instruction register

**The program controller contains logic circuitry that
decodes the operational instructions, manages the
CPU pipeline, stores the status of CPU operations, and
decodes the conditional operations.



On-Chip Memory

 The 'C5x architecture contains a considerable amount of
on-chip memory to aid in system performance and
integration:

J Program read-only memory (ROM)
d Data/program dual-access RAM (DARAM)
 Data/program single-access RAM (SARAM)

»The 'C5x has a total address range of 224K words X 16
bits. The memory space is divided into four individually
selectable memory segments:

Memory space is divided into four individually
selectable memory segments:

v 64K-word program memory space,

v 64K-word local data memory space,
v' 64K-word input/ output ports,
v'32K-word global data memory space.



1. Program ROM : This memory is used for booting program
code from slower external ROM or EPROM to fast on-chip or
external RAM.

2. Data/Program Dual-Access RAM : All'C5x DSPs carry a 1056-
word X 16-bit on-chip dual-access RAM (DARAM).

The DARAM is divided into three individually selectable memory
blocks:

» 512-word data or program DARAM block BO,
» 512-word data DARAM block B1,
»  32-word data DARAM block B2.

The DARAM is primarily intended to store data values
but, when needed, can be used to store programs as well.

DARAM improves the operational speed of the 'C5x CPU
as The CPU operates with a 4-deep pipeline.



3. Data/Program Single-Access RAM :

» All'C5x DSPs except the 'C52 carry a 16-bit on-chip single-access
RAM (SARAM) of various sizes

» Code can be booted from an off-chip ROM and then executed
at full speed, once it is loaded into the on-chip SARAM.

The SARAM can be configured by software in one of three
ways:

» All SARAM configured as data memory

» All SARAM configured as program memory

» SARAM configured as both data memory and program
memory



On-Chip Memory Protection :

> The 'C5x DSPs have a maskable option that protects the
contents of on-chip memories. When the related bit is set,
no externally originating instruction can access the on-
chip memory spaces.

On-Chip Peripherals : All 'C5x DSPs have the same CPU
structure; however, they have different on-chip peripherals
connected to their CPUs. The 'C5x DSP on-chip peripherals
available are:

Clock generator

Hardware timer

Software-programmable wait-state generators

Parallel 1/0 ports

Host port interface (HPI)

Serial port

Buffered serial port (BSP)

Time-division multiplexed (TDM) serial port

U O

COO000O



d User-maskable interrupts



Peripherals

1. Serial Port: Three different kinds of serial ports are available:
= ageneral-purpose serial port,
= atime-division multiplexed (TDM) serial port,
= abuffered serial port (BSP).
» Each 'C5x contains at least one general-purpose, high-speed
synchronous, full-duplexed serial port interface that
provides direct communication with serial devices such as

codecs, serial analog-to-digital (A/D) converters, and other
serial systems.

» The serial port is capable of operating at up to one-fourth
the machine cycle rate (CLKOUT1).

» The serial port transmitter and receiver are double-
buffered and individually controlled by maskable external
interrupt signals. Data is framed either as bytes or as words.



2. Buffered Serial Port (BSP):

The BSP available on the 'C56 and 'C57 devices is a full-
duplexed, double-buffered serial port and an auto
buffering unit (ABU).

The ABU supports high-speed data transfer and reduces
interrupt latencies.

. TDM Serial Port:

The TDM serial port available on the C50, 'C51, and "C53
devices is a full-duplexed serial port

that can be configured by software either for synchronous
operations or for time-division multiplexed operations.

The TDM serial port is commonly used in multiprocessor
applications.



4. User-Maskable Interrupts:
* Four external interrupt lines (INT1-INT4 )
" Five internal interrupts,
= A timer interrupt and
» Four serial port interrupts, are user maskable.

5. Test/Emulation:

= On the 'C50, 'LC50, 'C51, ’'LC51, 'C53, 'LC53, 'C57S and
"LC57S, an IEEE standard 1149.1 (JTAG) interface with
boundary scan capability is used for emulation and test

6. Clock Generator: The clock generator consists of an
internal oscillator and a phase-locked loop (PLL) circuit. The
clock generator can be driven internally by a crystal resona-
tor circuit or driven externally by a clock source



7. Hardware Timer: A 16-bit hardware timer with a 4-bit pre-
scaler is available. The timer can be stopped, restarted, reset, or
disabled by specific status bits.

8. Software-Programmable Wait-State Generators: Software-
programmable wait-state logic is incorporated in 'C5x DSPs
allowing wait-state generation without any external hardware
for interfacing with slower off-chip memory and I/O devices.

9. Parallel 1/O Ports: A total of 64K I/O ports are available,
sixteen of these ports are memory-mapped in data memory
space. Each of the I/O ports can be addressed by the IN or the
OUT instruction.

10. Host Port Interface (HPI): The HPI available on the “C57S and
’LC57 is an 8-bit parallel I/0 port that pro-vides an interface to a
host processor.



Addressing Modes

Direct addressing
ndirect addressing
mmediate addressing

Dedicated-register addressing
Memory-mapped register addressing
Circular addressing



1.Direct Addressing

In the direct memory addressing mode, the instruction
contains the lower 7 bits of the data memory address (dma).

The 7-bit dma is concatenated with the 9 bits of the data
memory page pointer (DP) in status register 0 to form the full
16-bit data memory address.

This 16-bit data memory address is placed on an internal
direct data memory address bus (DAB).

The DP points to one of 512 possible data memory pages and
the 7-bit address in the instruction points to one of 128 words
within that data memory page.

You can load the DP bits by using the LDP or the LST #0
instruction.



Direct Addressing...

16-bit datas memory address

STO DP (9) IREG (16)
o ¥ ¥ 7LsBs
15 T 6 T
DP dma ———————
PAGE 511
PAGE 510
Y P
= @
& ©
512 DATA
PAGE S PAGE 3 vy DAB
PAGE 2
PAGE 1
B PAGE © o
L J
(MEMORY -
128-WORD | "MAPPED
PAGE REGISTERS
AND
DARAM B2)
v

Dr.Sudhir Shelke

28



2.Indirect Addressing

 Eight 16-bit auxiliary registers (ARO-AR7)
provide flexible and powerful indirect
addressing.

* |In indirect addressing, any location in the 64K-
word data memory space can be accessed
using a 16-bit address contained in an AR.

 Figure shows the hardware for indirect
addressing.



Indirect Addressing....

Data bus (16)

31 % Auxiliary registers
ARO

ARB 2] ARP

1 AR1
(ARP = 2} P i

AR3
AR4 16}
ARS
ARG
ART

5D

ARAU

v
16-bit dala address
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* To select a specific AR, load the auxiliary
register pointer (ARP) with a value from 0
through 7, designating ARO through AR?7,
respectively.

* The register pointed to by the ARP is referred

to as the current auxiliary register (current
AR).

* You can load the address into the AR using the
LAR instruction



3.Immediate Addressing

In immediate addressing, the instruction
word(s) contains the value of the immediate
operand. The 'C5x has both 1-word (8-bit, 9-
bit, and 13-bit constant) short immediate

instructions

2-word (16-bit constant) long immediate
instructions.

This mode is indicated by symbol # .for e.g
ADD # 56h : adds 56h to ACC.
ADD #4567h : adds 4567h to ACC



3.1.Short Immediate addressing

* In short immediate instructions, the operand is
contained within the instruction machine code.
Figure shows an example of the short immediate
mode.

 Note that in this example, the lower 8 bits are the
operand and will be added to the ACC by the CALU.

ADD opcode OFFh

/\ /\.
vV

MachineCode (1 0 1 1 1000 T 1% 1111

ADD  #0FFh

— -
—_ —
— L —
g™ —_—
— ——
—_— ——
/_.—
p—
—

Operand B_1 11 17111
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3.2.Long Immediate Addressing

* In long immediate instructions, the operand is
contained in the second word of a two-word
instruction. There are two long immediate
addressing modes:

> One-operand instructions

> Two-operand instructions

Long Immediate Addressing with Single/No Data memory
Access :

Figure shows an example of long immediate addressing
with no data memory access. In Figure the second word of the 2-
word instruction is added to the ACC by the CALU.



Long Immediate Addressing Mode — No Data Memory

ADD

#01234h

Machine Code
Operand

Access

ADD opcode

A
{ \
17011 1191 4 1700 1 0000
0001 0010 0011 0100
\ /

vV

01234h
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4.Dedicated-Register Addressing

* The dedicated-registered addressing mode operates
like the long immediate addressing mode,

* Where address comes from one of two special-
purpose memory-mapped registers in the CPU:

> The block move address register (BMAR)

> The dynamic bit manipulation register (DBMR).

The advantage of this addressing mode is that
the address of the block of memory to be acted upon
can be changed during execution of the program.



 The syntax for dedicated-register addressing can be
stated in one of two ways:

d Specify BMAR by its predefined symbol:
BLDD BMAR,DAT100 :DP = 0. BMAR contains the value 200h.

The content of data memory location 200h is copied to data memory
location 100 on the current data page.

 Exclude the immediate value from a parallel logic unit (PLU)
instruction:

OPL DAT10 :DP = 6. DBMR contains the value FFFOh. :Address 030Ah contains the value 01h

The content of data memory location 030Ah is ORed with the content

of the DBMR. The resulting value FFF1lh is stored back in memory
location

030Ah.



4.1.Using the Contents of the BMAR

e The BLDD, BLDP, and BLPD instructions use the

BMAR to point at the source or destination space of
a block move.

e The MADD and MADS instructions also use the
BMAR to address an operand in program memory for
a multiply-accumulate operation.



Figure shows how the BMAR is used in the dedicated-register
addressing mode. Bits 15 through 8 of the machine code contain
the opcode. Bit 7, with a value of 0, defines the addressing
mode as direct, and bits 6 through 0 contain the dma.

BLDD opcode 012h
BLDD BMAR, 012h / \ \/ A \
15 8 7 6 0
Machine Code 1010 1100/0/001 0010
7
/ /
v / /
DP 1100 1110 1 / /
/ /
\ \ / /
DAB 17100 1110 1001 0010

BMAR| —| PFC

Operand1 Data (PFC)
Operand2 Data (DAB)

Note: DAB is the 16-bit internal data memory address bus.
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4.2.Using the Contents of the DBMR

The APL, CPL, OPL, and XPL instructions use the PLU
and the contents of the DBMR when an immediate
value is not specified as one of the operands.

Figure illustrates how the DBMR is used as an AND
mask in the APL instruction.

Bits 15 through 8 of the machine code contain the
opcode.

Bit 7,with a value of 0, defines the addressing mode
as direct, and bits 6 through 0 contain the dma.



Figure. Dedicated-Register Addressing Using the

APL 010h

Machine Code

DP

DAB

Operand
Operand?

DBMR

APL opcode

i

010h

/

15

8

V
76

0

0101 1010

0000 1

0000

1

100

1110 1

\

\

1100

1110 1

001

0000

Data(DAB)

DBMR

Note: DAB s the 16-bit internal data memory address bus.
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5.Memory-Mapped Register Addressing

With memory-mapped register addressing, you can
modify the memory-mapped registers without affecting the
current data page pointer value.

In addition, you can modify any scratch pad RAM
(DARAM B2) location or data page 0.

The memory-mapped register addressing mode
operates like the direct addressing mode, except
that the 9 MSBs of the address are forced to O
instead of being loaded with the contents of the DP.

This allows you to address the memory-mapped
registers of data page 0 directly without the
overhead of changing the DP or auxiliary register.



 The following instructions operate in the memory-
mapped register addressing mode. Using these
instructions does not affect the contents of the DP:
J LAMM — Load accumulator with memory-mapped register
J LMMR — Load memory-mapped register
J SAMM — Store accumulator in memory-mapped register
J SMMR — Store memory-mapped register

Figure illustrates how this is done by forcing the 9 MSBs of
the data memory address to O, regardless of the current value
of the DP when direct addressing is used or of the current AR
value when indirect addressing is used.



Fig: Memory-Mapped Register Addressing
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6.Circular Addressing

* Many algorithms such as convolution, correlation, and
finite impulse response (FIR) filters can use circular buffers
in memory to implement a sliding window, which contains
the most recent data to be processed.

* The ’C5x supports two concurrent circular buffers operating
via the ARs.

 The following five memory-mapped registers control the
circular buffer operation:

(J CBSR1 — Circular buffer 1 start register
(d CBSR2 — Circular buffer 2 start register
(d CBER1 — Circular buffer 1 end register
(1 CBER2 — Circular buffer 2 end register
(1 CBCR — Circular buffer control register



. To define circular buffers, you first load the start
and end addresses into the corresponding buffer
registers;

Load a value between the start and end
Registers for the circular buffer into an AR.

Load the proper AR value, and set the
corresponding circular buffer enable bit in the
CBCR.
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