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for s =
eq. (11.38), the s-circles are sometimes referred to as [I' -circles with [T varying linearly
from 0 to | as we move away from the center O toward the periphery of the chart while s
varies nonlinearly from | to =.

The following points should be noted about the Smith chart:

11.5 THE SmitH CHART 8 497

determined by locating where an s-circle crosses the I', axis. Typical examples of s-circles

1.2. 3. and = are shown in Figure 11.13. Since T'| and s are related according to

At point P, on the chart r = 0, x = 0; that is, Z; = 0 + jO showing that P__repre
sents a short circuit on the transmission line. At point P.. r = % and x = =, or
Z, = = + joo, which implies that P, corresponds to an open circuit on the line.
Also at P... r = O and x = 0, showing that P, is another location of a short circuit
on the line.

A complete revolution (360°) around the Smith chart represents a distance of N2
on the line. Clockwise movement on the chart is regarded as moving toward the
generator (or away from the load) as shown by the arrow G in Figure 11.14(a) and
(b). Similarly, counterclockwise movement on the chart corresponds to moving
toward the load (or away from the generator) as indicated by the arrow L in Figure
11.14. Notice from Figure 11.14(b) that at the load. moving toward the load does
not make sense (because we are already at the load). The same can be said of the
case when we are at the generator end.

There are three scales around the periphery of the Smith chart as illustrated in
Figure 11.14(a). The three scales are included for the sake of convenience but they
are actually meant to serve the same purpose; one scale should be sufficient. The
scales are used in determining the distance from the load or generator in degrees or
wavelengths. The outermost scale is used to determine the distance on the line from
the generator end in terms of wavelengths, and the next scale determines the dis-
tance from the load end in terms of wavelengths. The innermost scale is a protrac-
tor (in degrees) and is primarily used in determining fr: it can also be used to de-
termine the distance from the load or generator. Since a M2 distance on the line
corresponds to a movement of 360° on the chart. \ distance on the line corresponds
to a 720° movement on the chart.

A — 720° (11.55)

Thus we may ignore the other outer scales and use the protractor (the innermost
scale) for all our ér and distance calculations.
V. occurs where Zi, n 18 located on the chart [see eq. (11.39a)], and that 15 on

max

the positive I', axis or on OP, in Figure 11.14(a). Vi 18 located at the same point
where we have Z;, min On the chart; that is, on the negative T, axis or on OF in
Figure 11.14(a). Notice that Vi, and Vi, (01 Ziy sy and Zi pin) are N4 (or 180°)
apart.

The Smith chart is used both as impedance chart and admittance chart (Y = /Z).
As admittance chart (normalized impedance y = Y/¥, = g + jb), the g- and b
circles correspond to r- and x-circles, respectively.
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il Figure 11.14 (a) Smith chart illustrating scales around the periphery and
movements around the chart, (b) corresponding movements along the trans-
mission line.

Based on these important properties, the Smith chart may be used to determine,
among other things, (a) I' = T'| /6r and s: (b) Z;, or ¥;,: and (¢) the locations of V., and
V..., provided that we are given Z,. Z;. and the length of the line. Some examples will
clearly show how we can do all these and much more with the aid of the Smith chart, a
compass, and a plain straightedge.




EXAMPLE 11.4
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A 30-m-long lossless transmission line with Z, = 50 Q operating at 2 MHz is terminated
with a load Z, = 60 + j40 Q. If u = 0.6¢ on the line, find

(a) The reflection coefficient T
(b) The standing wave ratio §

(c) The input impedance
Solution:
This problem will be solved with and without using the Smith chart.

Method 1: (Without the Smith chart)
Zi—Zy; OF 40 — 50' _ 10+ J40

s =gl .
@ = w7, " 50+/40+50 110+ j40
= 0.3523/56°
1+ T 1+03523
POSTIRG Lo L1 B R A T

| — | 1 —03523

(¢) Sinceu = w/B,orff = wlu,

wl 27 (2 X 10°)30) _ 27 _

¢=—= - == = 120°
el .6 (3 % 10%) 3
Note that 8¢ is the electrical length of the line.
7 = [Zﬁ_”?“ tan $¢
" °LZ, + jZ,tan B¢ |
50 (60 + j40 + j5O tan 120°)
[50 + j(60 + j40) tan 120°)
50 (6 + j4 — jSV3
_NEIRZPYI - nopar

T 5+ 4V3 - j6V3)

— 2397 + j1.35Q

Method 2: (Using the Smith chart).

(a) Calculate the normalized load impedance

__Zy _60+j40
- B
=12 + 0.8

Locate z, on the Smith chart of Figure 11.15 at point P where the r = 1.2 circle and the
x = 0.8 circle meet. To getI"at z;, extend OP to meet the r = O circle at Q and measure OFP
and 0Q. Since OQ corresponds to [I'l = 1, then at P,

OFP 32cm

I| = — = —— = 03516
OQ 9.lcm
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¥igure 11.15 For Example 11.4.

E Note that OP = 3.2 ¢cm and OQ = 9.1 cm were taken from the Smith chart used by the
. author; the Smith chart in Figure 11.15 is reduced but the ratio of OP/OQ remains the
e same.

Angle 6y is read directly on the chart as the angle between OS and OF: that is

f; = angle POS = 56°

Thus

i e o

| I' = 0.3516 /56°

i

_ (b) To obtain the standing wave ratio s, draw a circle with radius OF and center at O.
. This is the constant s or |I'| circle. Locate point S where the s-circle meets the T',-axis.
: 8 '
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11.5 Tt SmitH CHART & 501
[This is easily shown by setting I, = 0 in eq. (11.49a).] The value of r at this point is s,
that is

s=r(forr=1)

= 1

(c) To obtain Z;,. first express ¢ in terms of A or in degrees.

" &6_['3 x 10%

}\ 1 -’ - = 90 ]T[
; 2 x 10°
3 720°
90 3 3

Since A corresponds to an angular movement of 720° on the chart, the length of the line
corresponds to an angular movement of 240°. That means we move toward the generator
(or away from the load, in the clockwise direction) 240° on the s-circle from point P to
point G. At G, we obtain

Zin = 047 + j0.035
Hence
Zi = Zolin = 50(0.47 + j0.035) = 235 +j1.754Q

Although the results obtained using the Smith chart are only approximate, for engineering
purposes they are close enough to the exact ones obtained in Method 1.

PRACTICE EXERCISE 114

A 70-Q Jossless line has s = 1.6and 6r = 300°. If the line is 0.6\ long, obtain

(il] F, Z.L» Zin
(b) The distance of the first minimum voltage from the load

Answer: (a) 0.228 /300°, 80.5 —j33.6Q,47.6 — j17.5 Q, (b) N6.

A 100 + j150-Q load is connected to a 75-Q lossless line. Find:

(@) 1

(b) s

(¢) The load admittance Y,

(d) Z, at 0.4\ from the load

(e) The locations of Vipax and V,;, with respect to the load if the line 1s 0.6\ long
(fy Z,, at the generator.
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7.15 Low-loss Radio Frequency and UHF Transmission Lines. The
low-loss transmission line is of special interest to the engineer con-
cerned with the transmission of energy at radio and ultrahigh fre-
quencies. There are two reasons for this. First, most practical lines
designed for use at these frequencies will be low-loss lines. Second, at
ultrahigh frequencies, sections of low-loss line are used as circuit ele-
ments, and a knowledge of the operation of such “distributed-constants
circuits” is of considerable importance.
A low-loss transmission line is one for which

R <KL oL (7-105)
G <L oC

where R, L, C, and G are the resistance, inductance, capacitance, and

conductance per unit length of the line. When the above inequalities
hold, the following approximations are valid:

Z = R + joL = joL

Y =G + joC = joC

_ /RT¥jeL __ |L :
5 ,./WM\/? (7-106)

v = ~(R + joLYG + joC) =~ jo ~/LC (7-107)

Since y = « + jB, this last expression gives
=0 (7-108)
B=~wa/LC (7-109)

The approximation for B is very good for low-loss lines, but occasion- -
ally the approximation of zero for & may not be good enough, even
though « is very small compared with B. A closer approximation for
o may be obtained by rearranging the expression for & and using the
binomial expansion. Thus

'Y.i—“jm«/L_Cﬂ/(l +ﬁ§z)(1 +%)

) ajmm/ﬁ(l'{'}j%z)(l_%_z_j%)

; p— R G
~Jje LC(I " 2jol " choC)

___R G/ LIC 4 4
‘“_WLC‘{” 3 + jo ~/LC




which gives

@~ (_Z_o 4 Gz,,) (7-110)
B~ o IC (7-111)

The more correct value for @ given by (110) need only be used in
place of (108) when the line losses are being considered. As far as
voltage and current distributions are concerned, the attenuation of
most low-loss ultrahigh frequency lines is so small that the approxi-
mation a = 0 gives satisfactory results. This may seem strange in view
of the fact that R, and therefore «, increases with frequency, and «
1s not usually neglected at low (power and audio) frequencies. The
explanation for this apparent paradox is that although «, the atten-
uation per unit length, increases approximately as the square root of
frequency, the attenuation per wavelength decreases as the square root
of the frequency. Transmission lines are ordinarily a few wavelengths
long at most, and «/ can usually be neglected (compared with BI) at
the ultrahigh frequencies. Thus for many purposes, low-loss lines may
be treated as though they were lossless; thatis,as if R=G = a = 0.

Using the approximate values for the secondary constants given by

(106), (107), (108), and (109), the general transmission line equations
become for this low-loss, high-frequency case

Vs = Vgrcos Bl + jl,Z,sin Bi (7-112)
Is = Incos Bl + j ¥ 2sin Bl (7-113)

where now Z, = /L/C is a pure resistance.
The input impedance of such a line is
e ¥
Zs = 1.
— 7 (cos Bl + j(Zo/Zg) sin B
R \cos BI + j(Zr/Z,) sin Bl
— 7 (ZR cos Bl + jZ, sin Bl)
° \Z, cos Bl + jZsin BI
The voltage and current distributions along the line are obtained
from eqs. (112) and (113) by replacing /, the length of line, by x, the
distance from the terminating impedance Z,. Since voltmeters and am-
meters read magnitude without regard to phase, the magnitudes of
expressions (112) and (113) have been used in Fig. 7-16 to show the

standing-wave distributions for various conditions of the terminating
impedance Zp.

(7-114)
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Figure 7-16. Voltage and current distribution along a lossless line.

In general the terminating impedance Zg will be a complex im-
pedance having both resistance and reactance, but it will be shown .
later that the results for the general case may be inferred from those -
obtained for the particular case of a pure-resistance termination. For
this latter case where Zp = R, egs. (112) and (113) may be written
as ‘ =
|Vl = V& a/cos? Bx + (R,/R)” sin® Bx (7-115)
IL| = Ie ~/Cos* Bx + (R/R,) sin’ Bx (7-116)

For the lossless line being comsidered Z, is a pure resistance

Zy = R, = A/ é’L :
Examination of egs. (115) and (116) shows that the voltage and.:;
current distributions are given by the square root of the sum of a




cosine-squared term and a sine-squared term. It is evident that the
maximum value of voltage or current will occur at that value of x
that makes the larger of these terms a maximum. In the particular
case of a line terminated in R, that is, for which R = R,, the sine
and cosine terms have equal amplitudes and the square root of the
sum of their squares has constant value for all values of x. That is,
there are no standing waves on the line. For all other cases, however,
the magnitude will vary along the length of the line. When R is less
than R,, the amplitude of the sine term of (115) will be larger than
that of the cosine term and the voltage maxima will occur at those
values of x that make sin 8x a maximum, viz., at x = A/4, 3A/4, and
so on. Also the voltage minima will occur at those values of x that
make the sine term a minimum, viz., x = 0, A/2, and so on, also for
this case of R < R,, the current maxima will occur at x = 0, A/2, and
so om, and the current minima at x = A/4, 3A/4, and so on. When
the terminating resistor is larger than R, the conditions for both
voltage and current are reversed.

One of the important measurable quantities on a transmission line
is the standing-wave ratio of voltage or current. When R is less than
R,, eq. (115) shows that the voltage maximum, which occurs when
sin Bx = 1, will have a value
R,

R
Also the voltage minimum, which occurs when sinBx =0, will
have a value

Vinax = VR

Vmin — VR
The ratio of maximum voltage to minimum voltage is therefore
Vmax — &
Vmin - R (for R < RQ)
Similarly the standing wave of current ratio is given by
Imax _— Ro
Ilui.l'l - ﬁ‘ (for R < RO)

For R > R, these expressions are just reversed, that is

Vl'l"lx — Iﬂlﬂx — ﬁ
Vmin - Irnin - RO

(for R > R,)

Using these expressions, the value of a terminating resistance may be
determined in terms of R, from relative measurements of voltage or

current along the line. R, is readily calculable from the line dimen-
- sions.



Case where Zg is not a Pure Resistance. When the terminating im-
pedance Z; is not a pure resistance, standing-wave measurements can
be still used, and in this case will yield values of both resistance and
reactance of the termination. From egs. (115) and (116) it was seen
that with a resistance termination a voltage maximum or minimum
always occurred right at the termination (x = 0). However, when the
terminating impedance has reactance as well as resistance, the maxi-
mum or minimum is always displaced from the position x = 0, and
the direction and amount of this displacement can be used to deter-
mine the sign and magnitude of the reactance of the load.

Figure 7-17 shows a transmission line terminated in an impedance

1 br
} ¢
|
/v\
o b ¢___
b I
(6) . R,

r
-

|
e ? 1
Figure 7-17. A complex terminating impedance

in (a) is replaced by a pure resistance termina-
tion in (b).

that has a reactive component. The voltage distribution along the line
is shown. Because the impedance is not a pure resistance, the voltage
maximum (or minimum) does not occur at the termination. Now any
complex impedance can be obtained by placing a pure resistance of
proper value at the end of an appropriate length of (Iossless) trans-
mission line. In part (b) of Fig. 7-17, the complex impedance R + jX
has been replaced by the proper value of resistance R, at the end of
a length /, of line, such that the impedance at ¢-c looking towards
R, is equal to R + jX. The standing wave back from c-c toward
the source will be unchanged and that toward R, will be just a con-
tinuation of it. Quite evidently the proper position for R,is at a dis-
tance of one-half wavelength from the minimum point a (or the maximum
point b if R, is greater than R,), and the proper value of R, is given



by the standing-wave ratio on the line, that is, by

RI Vmin Rl Vu'mx
pachofl R M, ..5..3. or e

RG - Vmax RO - Vmin

Because any resistance greater than R, can be obtained by a resis-
tance less than R, at the end of a quarter-wave section of line (see
below), it 1s really only necessary to consider for R, resistances less
than or equal to R,. It is then possible to state that any impedance
whatsoever can be obtained by means of a pure resistance R; (not
greater than R,) at the end of a length [/, of lossless transmission
line, less than one-half wavelength long.

The value of the impedance Z = R + jX is given in terms of R,
and /, by eq. (114). Rationalizing and separating into real and im-
aginary parts, eq. (114) becomes

3 RIR, '
! it = Rj cos® Bl + Risin® Bl W
T __ R
x — Ro(R§ — RY)sin Bl cos Bl (7-118)

R} cos?® B, + Risin® B,

Equations (117) and (118) make it possible to determine both the
resistance and reactance values of a terminating impedance from stand-
ing-wave measurements on the transmission line. The sign of the
reactance, that is, whether inductive (positive) or capacitive (negative)
can be obtained by inspection as shown in Fig. 7-18.

i~ : ’ \‘

: \‘-d !—/r \\--.
| Ry< Ao Ry< Ro
! 1
: 1 ¢ : [ ]

Toh T 0 Flot—— 4 —
| I
{a) (&)

Figure 7-18. A terminating impedance that is inductive (a) or
capacitive ().

Considering the value of R, to be less than R, eq. (118) shows
that when /, is less than one-quarter wavelength, the reactance X is
positive (i.e., inductive), whereas if /, is between one-quarter and one-
half wavelength, X will be negative (capacitive). From this results the



conclusion that, if the standing wave of voltage slopes down toward
the terminating impedance [Fig. 7-18(a)], the impedance is inductive;
if the slope is up toward the impedance [Fig. 7-18(54)], the impedance
is capacitive. Of course, if the slope is zero at the termination, the
terminating impedance is a pure resistance.

In practice the measurable quantities are /,, the distance from the
termination to the minimum point @, and the standing-wave ratio

— _R_O . Vnm:‘c
p RI o Vlllil'l

In terms of these measurable quantities, the resistance and react-
ance of the terminating impedance are given by

R = pR,
p- cos® Bl, + sin* B,
— Ry(p* — 1) sin BI, cos R,
p* cos?® Bl, + sin* B,

7.16 UHF Lines as Circuit Elements. The transfer of energy from
one point to another is only one use of transmission lines. At the ul-
trahigh frequencies an equally important application is the use of
sections of lines as circuit elements. Above 150 MHz the ordinary
lumped-circuit elements become difficult to construct and, at the same
time, the required physical size of sections of transmission lines has
become small enough to warrant their use as circuit elements. They
can be used in this manner up to about 3000 MHz where their phys-
ical size then becomes too small and wave-guide technique begins to
take over.

In Fig. 7-19 are shown some line sections and their low-frequency
equivalents. The magnitude of the input reactance of the first four of
these sections is given by eq. (114) when the appropriate value of Zg
is inserted; that is, Z, = O for the shorted sections and Zp; = oo for
the open sections. The resistive component of the input impedance is
negligible for the usual low-loss lines used at UHF. Thus it is seen
that for line lengths_.less than a quarter of a waveiength the shorted
section is equivalent to an inductance, and the open section to a ca-
pacitance. For lengths of line between a quarter and a half wavelength,
the shorted section is capacitive and the open section is inductive.
However, it should be noted that unlike their low-frequency equivaleats,
these “inductances” and ‘“capacitances” change value with frequency.

The Quarter-wave and Half-wave Sections. For the particular case
of the shorted quarter-wave line or the open half-wave line, the input
reactance, given by (114), goes to infinity, and the resistive component
of the input impedance must be taken into account. This corresponds

(7-119)

X=

(7-120)



Zs =] Zp TAN Bl

N
|
il
T

T i = Zs = =] Zp COT Bl
! L A |
r 3 i ,
_L Zo . 2%
g =T Zs= Tann al = RI
1 A |
[ 2 -

- L 2%
Zs — = 4 = R

Figure 7-19. Input impedance of various transmission-line
sections.

to conditions in the parallel-resonant circuit (the low-frequency ana-
logue), which has an infinite impedance if resistance is neglected. In
both cases (the quarter-wave line and the parallel-resonant circuit)
the actual input impedance when the series resistance is not neglected
is a pure resistance of very high value. In the case of the line its
value is given approximately by

2Z:
Rae = 1

where R,, is the input resistance of the line at a resonant length and
R is the series resistance per unit length of the line. / is the length
of the resonant section, which will be an odd multiple of a quarter
wavelength for a shorted line or an even multiple of one-quarter
wavelength for an open line. This expression is obtained directly
from eqgs. (100) and (101) in which the actual line loss is not neglected
~ as follows:

For a shorted line for which V. = 0, egs. (100) and (101) become



Vs = IzgZ,sinh «l
Iy = I cosh ¢l

Dividing the voltage equation by the current equation gives the input
impedance of a short-circuited line as

Zs = Z, tanh «/

sinh a/ cos Bl + jcosh «lsin B!
° cosh al cos Bl + jsinh alsin &I

For line lengths that are an odd multiple of a quarter wavelength,
sin 8/ = 4 1 and cos 8/ = 0. Under these conditions the input imped-
ance becomes

. cosh al
Zs = Zo sinh «l

If «al is very small, as is generally true for sections of low-loss line,
cosh al/ = 1 and sin af = al so that

Zsr-z-z-?.

al
When oL > R and «C > G, a is given in terms of the line constants

by
ar-é—(R\/E:-I-G\/_g_) (7-110)

For the air-dielectric lines commonly used the losses due to the conduc-
tance G are negligible, so that G can be neglected and

R /C _ R .
a=3 ‘/Z‘“zzo (7-121)

Substituting this in the above expression for input impedance of a short-
circuited line, whose length is an odd multiple of a quarter wavelength,
gives

T s Z, 27,

i al — Ri

An identical expression is obtained for an open-ended section that is a
multiple of a half-wave long.

Resonance in Line Sections. The shorted quarter-wave section has
other properties of the parallel-resonant circuit. It is a resonant circuit
and produces the resonant rise of voltage or current which exists in such
circuits. The mechanism of resonance is particularly easy to visualize in
this case. If it is assumed that a small voltage is induced into the
line near the shorted end, there will be a voltage wave sent down the
line and reflected without change of phase at the open end. This

(7-122)



reflected wave travels back and is reflected again at the shorted end
with reversal of phase. Because it required one-half cycle to travel
up and back the line, this twice-reflected wave now will be in
phase with the original induced voltage and so adds directly to it.
Evidently those additions continue to increase the voltage (and cur-
rent) in the line until the /*R loss is equal to the power being put
into the line. A voltage step-up of several hundred times is possible
depending upon the Q of the line.

Input Impedance of the Tuned Line. When the quarter-wave section
is tapped at some point x along its length, a further correspondence
between this circuit and the simple low-frequency parallel-resonant
circuit is observed. The reactance looking toward the shorted end will
be inductive and of value Z, = jZ,tan 8x. The reactance looking
toward the open end will be of equal magnitude but opposite sign,
1.e., a capacitive reactance. Its value is given by Z, =—jZ, cot B(\/4

— x) = —jZ, tan Bx. The equal but opposite reactances are in par-
allel just as they are in Fig. 7-20(4) and the input impedance will be

—r—___

I o v —L

= / R Pk

7/ [
/‘?x-/
(a) (&)

Figure 7-20. (a) Tapped quarter-wave line and (b) its equivalent circuit.

purely resistive. As the tap point is moved from the shorted end to-
ward the open end of the line, the impedance seen at the tap point
is a pure resistance that varies from zero to the quite high value
already given (Rg = 2Z§/R!). This corresponds in the circuit of Fig.
7-20(b) to varying the reactances X, and X, from low to high values,
meanwhile always keeping the circuit tuned (i.e., X; = X,).

It is of interest to know how the input resistance varies as
the tap point is moved along the quarter-wave section. For the rela-
tively high Q circuits used in such applications the voltage distribu-
tion along the line may be considered sinusoidal and it is a simple
matter to determine the input resistance at any point a distance x
from the shorted end. For a given magnitude of voltage and current
on the quarter-wave section a certain fixed amount of power input
will be required to supply the I*R losses, regardless of where this
power is fed in. This power input is equal to



Vi ViRl
Rs — 22Z;

where Vs and Rjs are, respectively, the voltage and input resistance at
the open end of the section. When the tap point of the feed line is at a
distance x from the shorted end [Fig. 7-20(a)], the power input is given
by V:/R., where R, is the input resistance at the point x. ¥/, is the volt-
age at this point and equals V5 sin B8x. Therefore

which gives
: |
R, = % sin? Bx

Thus the input resistance varies as the square of the sine of the angular
distance from the shorted end.

Q of Resonant Transmission-line Sections. One of the important prop-
erties of any resonant circuit is its selectivity or its ability to pass freely
some frequencies, but to discriminate against others. The selectivity of a
resonant circuit may be conveniently stated in terms of the ratio Af/f,,
where f, is the resonant frequency and Af = f; — f; is the frequency dif-
ference between the “half-power” frequencies. In the case of a series-
resonant circuit Af/2 represents the amount the frequency must be shift-
ed away from the resonant frequency in order to reduce the current to
70.7 per cent of I, its value at the resonant frequency. (A constant volt-
age source is assumed.) Evidently this occurs when the reactance of the
circuit becomes equal to the resistance and the phase angle of the circuit
is 45 degrees. For the parallel-resonant case Af/2 represents the fre-
quency shift away from unity power factor resonance necessary to reduce
the voltage across the parallel circuit to 70.7 per cent of its value at res-
onance. (A constant current source is assumed.) This occurs when the
absolute magnitude of the impedance is 70.7 per cent of the impedance
at resonance.

The ratio f;/Af may be used to define the Q of a resonant circuit.
The Q of a resonant~transmission-line section can be determined as
follows:

The input impedance of any shorted line section is given by

sinh a/ cos Bl + j cosh «l sin Bl
° cosh al cos BI + j sinh ol sin Bl

When the frequency is a resonant frequency f;, then 8/ = nx/2 (where n
is an odd integer), cos 8/ = 0 and sin 8/ = -+ 1. The expression for the
input impedance becomes

.




B Lt RS

. peoshal Zy 2y
Zs = Zo sinh «l ~ tanh al  «al

When the frequency is shifted off resonance by a small amount &f, that
is when f = f; + &f, then

Bl:Z_rr_fl_Zn(j;+8f)l=n_vr+2w8fi
v o v P v

Under these conditions (with n = 1)

cos Bl = — sinw2

sin. Bl = cos Q’%S-IQ

and

) — sinh af sin (&f_f_‘) - ioonly af sos (Zyrvéfl)
S -~ cosh alsin (27:2)81’1) + j sinh @/ cos (szaﬂ)

For moderately high Q circuits the first term in the numerator is the
product of two small quantities and may be neglected in comparison
with other terms. Putting

cosh al = 1, sinh al = «l, cos (‘“’—“;-f—-l) ~ 1,
aii (27:' Sﬂ) s (271: Sfl)
) v
gives

Zo

When the imaginary term in the denominator is equal to the real term,
the impedance Zs will be 70.7 per cent of its value for a resonant length,

and the frequency shift required to make this true will be Af/2. There-
fore

27 Afl

2 gt
—_av __ 2af,
Af = x — 3
The Q of the resonant section is
s B (7-123)



Alternative forms of this expression are

_wfe _ 2nfeZ, _ oL

=g =T =&

The Q is independent of the number of quarter wavelengths in the res-

onant section as long as «!/ is a small quantity. It is interesting to ob-

serve that the O of a resonant section of transmission line is equal to

the ratio of inductive reactance per unit length to resistance por unit
length.

A similar analysis could be carried through for an open-ended reso-
nant section (for which the length would be some multiple of a half
wave-length). The expression for Q in this case would be identical with
the above.

The Quarter-wave Line as a Transformer. When a section of transmis-
sion line is used as a reactance, or as a resonant circuit, it is a two-ter-
minal network. The input terminals of the section are connected across
the generator or load and the other terminals are left open or shorted
as the case may be. However, a section of line is often used as a four-
terminal network, in which case it is inserted in series between generator
and load. Because the input impedance is in general different from the
load impedance connected across the output terminals, the line section
is an impedance-transforming network. This is true for all lengths of line,
but the quarter-wave section has certain particular properties that make
it very useful in this respect.

For any impedance termination Zg, the input impedance of a section
of lossless line is given by eq. (114) as

Z =7 (cos Bl + jZ,/Zgsin Bl)
2 ®\cos BI + jZr/Z, sin Bi

For the particular case of a quarter-wave section, 8/ = n/2, and this
reduces to

(7-124)

For the case under consideration, where Z, is a pure resistance R, this is
2
z, = Ro (7-125)

4

Thus the quarter-wave section is an impedance transformer, or more
correctly an impedance inverter. Whatever the terminating impedance may
be, the inverse impedance will appear at the input. If the output
impedance consisted of a resistance R, in series with an inductive react-
ance X, the input impedance would be given by a resistance R, in
parallel with a capacitive reactance X, where



R :___3 and Xy = R
1 2 <y XL,

A pure resistance termination R is transformed into a pure resistance of
value R3/R.

This property of matching any two impedances Z,, Z, such that Z,Z,
= Z; finds many practical applications. It can be used to join together,
without impedance mismatch, lines having different characteristic im-
pedances; it i1s only necessary to make the characteristic impedance of
the quarter-wave matching section the geometric mean of the Z,’s to be
matched. By means of the quarter-wave section a pure resistance load
can be matched to a generator having a generator impedance that is re-
sistive so long as the geometric mean between the resistances gives a
value for the required characteristic impedance that is practicable to
obtain.

Woltage Step-up of the Quarter-wave Transformer. As long as the
quarter-wave transforming section is considered as being lossless, the ratio
between input and output voltages will just be the square root of the
ratio of the input and output impedances being matched. From the voltage
equation (112), for the quarter-wave section

Vs _ileZo _jZs _ ; [Zs
VR VR ZR -ZR

or calling Vg/Vs the voltage step-up
Vel . /4r
Vs Zs
For the infinite impedance termination, that is an open circuit, this
simple relation indicates an infinite voltage step-up, and it becomes nec-

essary to resort to the exact eqgs. (100) and (101) for the correct answer

in this case. For the quarter-wave section the voltage equation of (100)
becomes

Vs = jVgrsinh al + jIzZ, cosh al

In open circuit I, is zero and the voltage step-up is

| W S S
Vsi sinhal ~al ™ Rl
For the quarter-wave section this may be written
Vel _ 82, _ 82Z,f
V_g RA Ro
while for a three-quarter-wave section the voltage step-up would be
Ve|_ 82, f
Vs 3Rv




